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Volume XV. September, 1902. Number 3. 


THE 


PHYSICAL REVIEW. 


THE DENSITY AND COEFFICIENT OF CUBICAL 
EXPANSION OF ICE.' 


By J. H. VINCENT. 


HERE are perhaps no subjects in the domain of experimental 
physics which call more urgently for attention, than investi- 
gations into the properties of water in its various states of aggrega- 
tion. And of the various points which still need study, the latent 
heat of fusion is without doubt the most pressing. The method 
which promises to yield a reliable result for this determination re- 
quires a knowledge of the density of ice at 0° C. 

The Bunsen ice calorimeter has, in the hands of Dieterici and 
other Continental physicists, recently become an instrument of pre- 
cision, but the results which this apparatus is capable in itself of 
yielding, are unavailable to science owing to the lack of an accurate 
knowledge of the density and latent heat of ice. 

But, as Griffiths? remarks, ‘‘ there can be but little doubt that the 
mass of mercury expelled from a Bunsen calorimeter by the sub- 
traction of a definite thermal unit, is a quantity that can be and 
doubtless will be determined with accuracy.” It was with the 
object of contributing something to the solution of this problem that 
the investigation to be detailed subsequently was undertaken. 


1 Communicated to the Royal Society of London, February 6, 1902. 
2 Griffiths, Philos. Trans., A, 186, p. 265, 1895. 
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PREvious METHODS AND RESULTs. 


The first paper of importance, as regards scientific accuracy, on 
these subjects was published by Brunner in 1845 ;' but before treat- 
ing of his paper, we may glance at the state of knowledge on the 
subject when he attacked it. He was led to take up the research 
by the fact that Petzholdt* had announced that ice expanded when 
its temperature was lowered. Petzholdt obtained this result experi- 
mentally, and proceeded to found thereon a new theory of glacier 
action which had the effect of bringing his paper into prominent 
notice. The idea that ice contracted on warming was an old one, 
and had been originally mooted by Musschenbroek, a hundred 
years previously.* Mairan* also supported it by experiments pub- 
lished ten years later. But Heinrich® in 1807 had obtained a 
positive coefficient. His result, obtained by the direct determina- 
tion of the change in length of a bar of ice, yields the value .000024 
as the linear coefficient for a degree centigrade. This observer also 
found the density of ice to be .go5. Thus the subject stood when 
Brunner commenced his experiments. . 

Brunner started experimenting in the direction of preparing air- 
free ice from boiled distilled water, but failed to obtain it free from 
air bubbles. Even when he covered the surface of the water with 
turpentine immediately after boiling, the product had still to be 
rejected owing to its being full of small cracks; so that he was led 
to use selected pieces of river ice. 

The method consisted in weighing the ice in air, and in either 
turpentine or petroleum, which latter liquid had the advantages: 
(1) of its smaller density ; (2) its freedom from solvent action. He 
determined the density of the liquid by weighing a piece of glass in 
it immediately before and after weighing the ice, and he subse- 
quently weighed the same piece of glass in water at different 
temperatures. He satisfied himself by direct experiment that by 
determining the temperature of the oil he also obtained the temper- 

! Brunner, Pogg. Annalen, 140, p. 113, 1845. 
2 Petzholdt, Beitrige zur Geognosie von Tyrol, 1843. 
3 Musschenbroek, Essai de Physique, Leyden, 1739. 


4 Mairan, Dissertations sur la Glace, Paris, 1749. 
5 Heinrich, Gilbert’s Annalen, 26, p. 228, 1807. 
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ature of the ice suspended in it. The whole of the operations were 
conducted in a laboratory, the temperature of which never rose 
above freezing point. After making due allowance for the 
buoyancy of air, the result for the specific gravity of ice at 0° C., 
referred to water at 0° C., was .g180, or .g179 as the density in 
grammes per cu. cm. The linear coefficient of expansion was 
.0000375, which Brunner remarks was greater than that 
previously found for any other solid. 

The paper of Petzholdt also set Struve' to work about 
the same time. He obtained the value .0000531 for the 
linear coefficient per 0° C., using long bars of artificial ice 
in his experiments. 

Marchand,’ using a dilatometer of glass containing mer- 
cury and the ice to experimented on, obtained .0000350 
for the linear coefficient, but did not state the kind of ice 
used. 

The dilatometric method was also employed in 1852 by 
Pliicker and Geissler,* who determined the density and dila- 
tation of artificial ice. They used a dilatometer of a re- 
markably elegant design (see Fig. 1). The cylinder, J/, of 
thin glass is open at the bottom, and has a capillary 
tube, c, inside it. This tube is sealed into the cyl- 
inder, 47, and also into the outer cylinder, V, at one end. At 
the other end of the outer cylinder was another capillary tube, and 
in the preliminary part of the experiment, this tube reached as far 
as a only. The coefficient of expansion of the glass was first de- 
termined by preliminary experiments with mercury. To partially 
fill the inner cylinder with water, a bulb provided with a small 
opening at the top was sealed on at c. This bulb was filled with 
distilled water, and after this had been boiled for some time the 
upper orifice of the bulb was sealed, During this operation the 
opening at o had been closed, but, after cooling, both the upper 
sealed point in the bulb and oe were simultaneously opened. Water 
flowed into J/, expressing an equal volume of mercury. The tube 


Fig. 1. 


'Struve, Pogg. Annalen, 66, p. 298. 
2 Marchand, Journal fiir prakt. Chemie, 35, p. 254. 
3 Pliicker and Geissler, Pogg. Annalen, 86, p. 265, 1852. 
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at o was again closed, and the water in the fine capillary at c was 
displaced by slightly warming the apparatus. This caused the 
mercury, in which the central capillary dipped, to rise, and the 
bulb was then removed by sealing off at c. Finally the capillary 
tube fdo was sealed on at 0, and the position of the end of the 
column of mercury marked on the tube after the whole apparatus 
had been reduced to 0° C. On freezing, the water in the inner 
glass vessel expanded and, breaking the inner cylinder, relieved 
itself from constraint. 

The mean result for the increment in volume of unit of volume 
of water at 0° C., on changing to ice at 0°, was .0g195, which is 
equivalent to .91567 for the density at 0°, while .0001585 was ob- 
tained for the coefficient of cubical expansion. 

The next observations with which it is necessary to deal are those 
of Dufour.’ Having previously experimented by finding the density 
of a mixture of alcohol and water in which ice floated in neutral 
equilibrium, he published in 1862 an account of experiments in 
which a mixture of chloroform and petroleum was used in prefer- 

ence to the former liquid, which dissolves ice. By 

taking the mean of 16 experiments, he obtained 

8 ~a 9178, with a probable error of .0005, as the 
S\¢ specific gravity referred to water ato° C. He em- 
ployed the value .000158 for the coefficient of ex- 
pansion for reducing his results. The ice used was 
prepared from water boiled zzvacuo, and although 
free from air bubbles was “ opaline’”’ in appearance. 

Bunsen’s celebrated paper on Calorimetry’ ap- 
peared in 1870. Amongst other researches in- 
cluded in this memoir is a determination of the 
density of ice at o° C., by a dilatometric method 
WS which, according to the illustrious author, comp- 
letely eliminated the errors which had rendered 
previous estimations uncertain. 

Bunsen’s dilatometer is shown in Fig. 2. It consisted of a thick- 
walled U-tube of hard glass drawn out at a, and this was filled 


Fig. 2. 


1 Dufour, Comptes Rendus, 54, p. 1080. 
2 Bunsen, Pogg. Annalen, 141, p. 1, 1870. 
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with mercury up to the level, 4,4, which was boiled for some time. 
Boiled water was sucked into the apparatus, and rested on the mer- 
cury at 4. This water was then boiled in the tube for half an hour, 
the end a being, by means of a rubber tube c, led under the surface 
of water, which was also kept boiling. The dilatometer was 
allowed to cool, while the vessel into which ¢ dipped was kept boil- 
ing; the side of the tube ad then became completely filled with 
air-free water, and the point a was then sealed off. By weighing 
before and after filling with water, the mass of water taken was ob- 
tained. The other limb of the U-tube was now filled with mer- 
cury, and the water was frozen by subjecting it to cold in such a 
way that the water froze from above downwards. The ice thus 
formed was absolutely clear. The cork and capillary tube shown 
in the figure were then inserted, and the whole apparatus sur- 
rounded with dry snow. The mass of the vessel 4 and its con- 
tained mercury was noted. On melting and again reducing to 0°, 
reweighing the vessel 4 provides the other datum requisite to com- 
pute the density of ice at o° C. Bunsen’s mean value was .91674. 

No experiments on these subjects seem to have been published 
again until quite recent times, when Nichols! brought out his paper 
on the density of ice in 1899. Leaving the theo- 
retical portion of this memoir out of consideration 
for the present, we find that Nichols determined 
the density of artificial and natural ice by several 
methods. 

Method 1, Specific Gravity Bottle —The apparatus 
consisted of a specific gravity bottle fitted with a tube 
(see Fig. 3), round which a cylinder of ice was formed. 
The unfrozen water was shaken out, and the whole Fig. 3. 
again subjected to cold; by weighing in a labora- 
tory, whose temperature was below freezing point, the mass of ice 
taken was found. The bottle was now filled up with cold mercury, 
the stopper inserted, and the whole left in an ice-bath over night 
with the stopper dipping in mercury. Finally, the stopper was 
dipped into a weighed quantity of mercury, the ice permitted to 
melt, and the whole apparatus again reduced to 0° C. The loss 


1 Nichols, PHysICAL REVIEW, 8, p. 21, 1899. 
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of weight of the mercury into which the stopper dipped, gave the 
means of computing the density of the ice mantle at 0° C. free from 
any error due to deformation of the flask on filling with mercury. 
The result for the density from a single experiment was .g16109. 
Method 2. Brunner’s Method.—Nichols employed refined petro- 
leum, and weighed several varieties in it, again working in a labora- 
tory below freezing point. The results were reduced to 0° C., by 
employing the value of .ooo15 for the coefficient of cubical expan- 
sion. The results obtained were :— 


Kind of Ice. Density at o° C. Kind of Ice. Density at 0° C. 
Artificial. .91603 Natural | .91792 
(new pond ice). | 
Natural -91795 Natural -91632 


Method 3. Determination of the Volume of the Ice by Displace- 
ment. Nichols next attacked the question by the employment of 
an absolutely original method. An iron box of special construction, 
having a capacity of about 2 liters, and rectangular in shape, was 
nearly filled by means of a regular block of new pond ice, and the 
rest of its interior was filled up with mercury. From the weighings 
of this mercury and the ice, and a knowledge of the volume of the 
box, the density of the ice at o° C. was computed. The ice contained 
a small quantity of air, the amount of which was separately determined 
and allowed for. The final value for the density came out at .g1 760. 
Nichols’ next turned his attention to the determination of the 
linear coefficient of expansion of ice. No work had been done on 
the dilatation of ice since 1852. The method employed was similar 
to that used by Struve in 1845. A bar of commercial artificial ice, 
which had been manufactured some months previously, was used, 
and Nichols again had the felicity of working in a laboratory which 
was never warmer than —3° C. during the work. The readings 
were obtained by measuring, by means of a dividing engine, the 
distance between the centers of two tiny drops of mercury resting in 
depressions in the ice about 40 cm. apart. The range of temper- 
ature was from —8° to —12° C. Four sets of readings were taken, 
with the mean result .0000540 for the linear coefficient. 
! Nichols, PHysiCcAL REVIEW, 8, p. 184, 1899. 
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In order to explain the remarkable discrepancies between the 
values obtained by previous observers, Nichols put forward the 
theory that in reality there are two kinds of ice which have been 
under experiment ; the density of artificial ice being about .g16, and 
that of natural ice more than one part in a thousand greater. This 
immediately throws the subject into a more tangible form, but the 
serious consequences of such a dual character for ice demand most 
careful consideration. It seems to me that if there are really two 
kinds of ice, differing in density so largely, these varieties would 
also have different latent heats, and, what is perhaps more important 
still, different melting points. 

Nichols’s theory is, however, supported entirely by his own work, 
and also by most of the results of previous observers. In this con- 
nection it must be pointed out that, according to one of Nichols’s 
experiments, natural ice assumes a density approaching to that of 
artificial ice if the natural ice has been kept some time. 

The value obtained for the density by Dufour for artificial ice is 
larger than that of other observers using the same variety. But the 
method of neutral equilibrium is far inferior in exactitude to the 
methods employed by Pliicker and Geissler, Bunsen and Nichols. 
Neither must the results of Bunsen be accepted as being of extra- 
ordinary reliability in spite of his assurance that he had eliminated 
all error. The U-tube dilatometer suffers from the disability that 
any small difference in the method of holding it may cause consider- 
able change in its voluminal contents. It must also be remembered 
that the ice in Bunsen’s experiment was probably under considerable 
pressure, since each new layer as it was formed became the vehicle 
of transference of heat upwards from the underlying water. Ice is 
one of the most contractible of solids by fall of temperature, and 
thus when the whole of the water was frozen, it must have been 
considerably denser than it would be at 0° C. The sides of the 
somewhat narrow tube would tend to prevent the ice assuming its 
proper density as the temperature rose too° C. It should be noted 
that if the mean temperature of Bunsen’s ice column was 4° or 5° 
below zero, this would suffice for the somewhat high value which 
he obtained. There is another and more serious objection to 
Bunsen’s method. Any attempt to get ice exactly at 0° C. by sur- 
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rounding it with an ice jacket may result either in the resulting 
temperature being lower than o° C., through the observer not al- 
lowing a sufficiently long time for the equalization of temperature 
or, on the other hand, may result in some of the ice melting. In 
either case the value obtained for the density will be too high. 
None of these objections apply to Pliicker and Geissler’s work. 

Barnes' has recently determined the density of natural ice by 
weighing selected specimens in water. His results give the same 
density for old and new ice. The mean value obtained (expressed 
in grammes per cu. cm.) was .g1649. 


Synopsis OF PREviouS WorK. 


In order to facilitate reference, the results of previous workers 
have been set out in Table I., which gives the methods adopted, the 
variety of ice used, and the results obtained by different observers. 

In Table II. the results for the two kinds of ice are separately set 
forth. The work of Marchand is omitted altogether from this table, 
as he did not state what kind of ice he used. The value of the density 
obtained for old pond ice by Nichols is also not included. The mean 
result for the density of zatura/ ice at freezing point is .g176 gramme 
per cu. cm., while that of artificial ice is .g165 gramme per cu. cm. 

If, however, we neglect Dufour’s value, we obtain the result 
.9162 gramme per cu. cm. for artificial ice. 

Only one estimation of the dilatation of natural ice is available. 
It is .0001125 for the cubical coefficient of dilatation for 1° C., 
while three results are available for artificial ice. The mean value 
is .000160 for the cubical coefficient of dilatation for 1° C. 

Only one direct determination of the cubical expansion of arti- 
ficial ice is to hand. This was obtained by Pliicker and Geissler, 
and is .0001585 for the cubical coefficient of dilatation for 1° C. 

In both Tables I. and II. the cubical coefficient only has been 
tabulated. In those cases in which the linear coefficient was 
actually determined, the cubical coefficient has been tabulated as 
three times the linear, but the legitimacy of this procedure is open 
to grave doubt in the case of a body like ice which is endowed with 
hexagonal symmetry of structure. 


1 Barnes, PHYSICAL REVIEW, 13, p. 55, 1900. 
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Date. | Observer. | 
1845 Brunner. 
1845 | Struve. 

| 
1845 Marchand. 
1852 Pliicker and | 

| Geissler. 
1862 Dufour. 
1870 | Bunsen. 


1899 = Nichols. 


1899 Nichols. 
1901 Barnes. 


Observer. 


Brunner. 
Struve. 
Pliicker and Geis 
Dufour. 

Bunsen. 


Nichols. 


Barnes. 


Mean. 
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TABLE I. 
_ Coefficient 
Method. Kind of Ice. Density. of Cubical 
Expansion 
(grammes per a 
cu. cm.) 
Weighing in liquid. Natural. 0001125 
Direct measurement of linear Artificial. — .0001593 
coefficient. 
Dilatometric. — .0001050 
Dilatometric. Artificial, 91567 .0001585 
Neutral equilibrium in liquid. Artificial. 9177 — 
Dilatometric. Artificial. 91674 
Dilatometric. Artificial. 91619 —— 
Artificial. 91603 — 
Natural 91795 — 
(icicles). 
Weighing in liquid. Natural 91792 — 
(new pond ice). 
Natural 91632 — 
(old pond ice). 
Volume by displacement. Natural 91760 — 
'(new pond ice). 
Direct measurement of linear Artificial. — .0001620 
coefficient. 
Weighing in water. Natural. -91649 — 
TABLE II. 
Natural. Artificial. 
Density. Co. of Cub. Exp. Density. Co. of Cub. Exp. 
.9179 -0001125 — — 
— -0001593 
sler. — — 91567 -0001585 
— 9177 
— 91674 
— — 91619 — 
— —. 91603 
91795 
4 91792 — 
| 91760 — 
— 0001620 
| 9176 -0001125 .9165 -000160 
or 
-9162 
neglecting. 
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PRINCIPLE OF THE METHOD EMPLOYED. 


Since the question of the density of ice was still, in spite of all 
the labor that had been spent upon it, in a far from satisfactory 
state, and since a direct determination of the cubical coefficient of 
expansion had not been attempted since 1852, I was desirous of 
employing a method which should yield both results. In order 
that the work should have any value, it was necessary to employ 
some device other than any which had been used previously. 

The method of weighing ice in mercury was one which naturally 
suggested itself. For the purpose of a sinker two metals are avail- 
able, tungsten and platinum. Tungsten is difficult to work, but is 
readily procurable in any amount ; if mercury attacks tungsten this 
could be avoided by protecting it by an iron shell. Although this 
direct method was not employed, I believe that the use of a platinum 
or tungsten sinker for weighing ice in mercury would be well worth 
the attention of future workers. 

The necessity of a sinker can be done away with if the buoyancy 
of the ice is obtained by determining the tension of a wire which 
moors it to the bottom of the vessel. The tension of the wire may 
be found by passing it through a small hole in the bottom of the 
mercury-containing vessel, which latter must be closed at the top so 
that the mercury will not pour out of the hole through which the 
wire comes. This method obviates the use of a balance, for a scale 
pan may be hung on the wire, and equilibrium obtained by suitably 
adjusting the suspended weights. Joly has used this principle in 
the construction of a balance' and my apparatus differs from his, in 
that I introduce the material whose density is to be determined and 
use it as the float. 

The advantages to be derived from the use of mercury are several. 
It can easily be obtained quite pure, is without solvent action upon 
either water or ice, and its coefficient of expansion is of the same 
order of magnitude as that of ice. Further, this coefficient is known 
with greater accuracy. The use of a liquid whose coefficient of ex- 
pansion is near that of ice is helpful in determining the density at 0° C., 
and also in the determination of the coefficient of cubical expansion. 


Joly, Phil. Mag., September, 1888. 
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In order to determine the density at 0° C. it would be sufficient 
under ideal conditions of temperature to find the buoyancy of an 
inverted vessel in mercury, to introduce air-free water into this 
vessel, to determine the buoyancy of the vessel and also that of the 
water in its liquid and solid state. The experiments were per- 
formed by equilibrating the ice at temperatures below zero, and to 
find the density at these temperatures we must allow for the con- 
traction of the mercury and of the vessel containing the ice. The 
equilibration of the water was always performed at zero. 


DESCRIPTION OF APPARATUS. 


The vessel which constituted the reservoir for the liquid used in 
the hydrostatic balance is shown in section in Fig. 4. It consisted 
of a funnel-shaped vessel, A, of cast iron. aaa 
This was turned up in a lathe, and care 
was taken to have the inside surface quite 
free from ‘‘ blow-holes.”’ Into this vessel 
at B, atube of steel, V, was driven. The 
lower end of this tube carried a tightly- 
fitting screwed piece C, the bottom of 
which was closed, except for a central 
hole about .4 mm. in diameter. This 
hole was for the wire to pass through 
downwards to support the scale pan, 
and upwards to tether the vessel which 
held the ice or water. The vessel shown 
in Fig. 4 may be called (to save circum- | . 
locution) the funnel. . 

The top of the funnel could be closed 
by an accurately fittingsteel circular plate, 
shown in section as DY. In order to fasten 
this plate down securely on to the top of the funnel, a three-armed 
piece of iron, shown in Fig. 5a, was used. This was provided with 
three screws, £, the lower ends of which bore directly on the circular 
plate D, immediately over the annular plane-bearing surface, A 
central screw, G, with a milled head, served to hold the plate D in 
position in some manipulations which did not require that the sur- 


Fig. 4, one-fourth size. 
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faces at F should fit very closely. The three-armed piece was pro- 
vided with three stout pegs, one of which is shown as // in Fig. 54, 
which is a section of one of the portions of the tri-radiate clamp of 
which Fig. 5a is a plan. These pegs could traverse round the 
channel, /, Fig. 4, and their pressure on the upper roof of this chan- 


5b 7 
(4 size) (4 size) (% size) (5times size) ( size) 
Figs. 5:—8. 


nel, provided reactions for the pressure of the four screws £, £, £, G. 
In order to place the tri-radiate clamp in position, three small gaps 
were cut at angular intervals of 120° in the outside of the top rim 
of the funnel, and three similar gaps were provided in the plate D. 
The funnel was provided with a screwed collar, /, which was 
permanently shrunk on to the cylindrical portion of its outer surface. 
This collar served to support a removable ring of iron, A. The 
walls of this ring (which we may call the mercury collar) were 
higher than the top surface of ), when this latter was in position. 
The mercury collar served two purposes; it provided a means of 
sealing the whole of the top of the funnel by flooding with mercury 
when the closing plate D was in position, the mercury it contained 
surrounded the bulb of the thermometer which was used to find the 
temperature of the contents of the funnel. When the funnel was 
not in position for the actual determinations of buoyancy, it could 
be held in a vise by the flat surfaces cut in the thick metal at B. 
The vessel which served to contain the water or ice, while it and 
its contents floated in the mercury in the funnel, is shown in Fig. 6. 
It was somewhat of an umbrella shape, and was cut out of a solid 
block of mild steel in the lathe. It was perfectly smooth, and pro- 
vided no lurking places for air. The sides, Z, were made of de- 
creasing thickness downwards as also was the central stem, J7/, 


i 
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which was pierced at its lower end with a hole which served to 
attach the wire by which the scale pan was supported. 

Steel wires of two diameters were used in the experiments—one, 
about .17 mm. in diameter, was used in the preliminary investiga- 
tion of the dilatation of the umbrella, the other, about .2 mm. in 
diameter, was used in the actual experiments when the umbrella 
held ice or water. The wire passed through the mercury in the 
funnel, down the center of the tube, VV, through the small hole in C, 
and had a specially constructed clamp attached to the end outside 
C. This clamp was made so that when held up close to the hole a 
by the buoyancy of the umbrella and its contents, it could be 
enveloped by the screwed closed tube, ? (Fig. 4). The clamp is 
shown in Fig. 7. The peculiarity in the construction ot this clamp 
was that it was pierced by the holes Q and X, through which the 
wire passed as well as being held by the jaws. This arrangement 
made the chance of the wire slipping very small. The course of 
the wire is indicated by a broken line in Fig. 7. The lower portion 
of the clamp was also drilled with a screwed hole, S. This hole 
served to receive a hook by which the scale pan used to hold the 
weights in the equilibrations was supported, and was screwed inside 
so as to enable the clamp to be attached to the piece C (Fig. 4) 
always at a definite distance by means of a second screwed piece 
which could be attached to C. The object of this arrangement was 
to ensure always that the wire was the same length. 

In Fig. 8 an iron cylindrical vessel is shown in section. This 
reservoir could be put on the tube JV (Fig. 4), which was made 
slightly conical at its lower end in order to fit into the hole 7. A 
bent wire, U, was fixed into the side of the reservoir, and served to 
keep the stopper, P, submerged when the reservoir was full of mer- 
cury. The use of this portion of the apparatus will be referred to 
in describing the process of filling the funnel with pure, dry, air-free 
mercury. 

The method of holding the funnel during the determinations, and 
the arrangements for surrounding it with ice or freezing mixture, 
are shown in Fig. 9. 

The tube, CA, of the funnel, 4, passed through an india-rubber 
bung, V, which closed the lower orifice of a large glass jar, W. The 


| 
| 


142 J. H. VINCENT. [VoL. XV. 


funnel was supported by a framework of iron, X, which consisted 
of two rings joined by three bent wires. The lower ring rested in 
the concavity of the glass jar and bore the weight of the funnel. 
The jar in turn was supported by a larger rubber bung, Y, which 
fitted into a hole in the bottom of the lower wooden box, Z. Three 
stout brass pieces, a, only one of which is shown in the drawing, 
prevented the jar from tipping sideways. 

The upper wooden box, 4, rested on the lower box, Z, while the 
whole was surrounded on five sides by the non-conducting cases, c. 
These cases were removable boxes of wood loosely filled with 
cotton wool. 


The thermometer, ¢, passed through a piece of ebonite, ¢, which 
rested on the top of the non-conducting case, through a hole in the 
case, down a wide brass tube, /, in the upper wooden box, and 
rested with its bulb in the mercury in the collar, A. The remov- 
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able thin metal vessel, g, was supported by three lugs, /, which 
were bent over so as to engage the rim of the glass jar. The upper 
and lower boxes were fitted with the holes 7, 7, which could be closed 
by bungs. 

The whole of the apparatus shown in Fig. 9 rested on three 
levelling screws which in turn were supported by a strong table 
having a hole in its center through which the wire from the funnel 
passed. | 

The lower surface of the lower box was protected from the access 
of heat by filling in the space between it and the table with loosely 
packed cloth. The description of any other parts of the apparatus 
which may be necessary will be more conveniently given when 
dealing with the conduct of the experiments. 

Determination of the Buoyancy of the Umbrella-—In order to find 
the buoyancy of the ice and water, it was necessary to determine 
that of the umbrella at different temperatures. If we know the 
load on the scale pan necessary to obtain equilibrium when the 
umbrella only is tending to float in the mercury, then the weights 
added when the umbrella and its contents are equilibrated, gives us 
the buoyancy of the contents. The funnel was taken and a thin 
steel wire (17 mm. in diameter) passed upwards through the 
hole o (Fig. 4) until it could be threaded through the hole in the 
stem of the umbrella, when it was fixed by twisting the end round 
itself. This operation was done is such a manner as to ensure that 
the length of wire thus used in the fastening was the same in each 
experiment. The wire was then pulled tight and the little clamp 
attached with its jaws about 1 cm. distant from o by the method 
previously mentioned. The whole length of wire used was thus 
always fhe same. The stopper, ? (Fig. 4), was then screwed on C 
and mercury poured into the funnel. 

The mercury used throughout these experiments was first cleaned 
by the ordinary chemical methods, then boiled in air, and distilled 
twice in a vacuum. After being used in one experiment it was 
filtered, boiled and distilled twice again before being used in a fresh 
determination. 

The plate D was placed on the funnel and the whole was turned 
on one side to enable any air imprisoned under the umbrella to 
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escape. This was repeated untilno more mercury could be poured 
into the funnel, when the latter was heaped up with mercury and 
the plate D was slid on to the top of the funnel and firmly screwed 
into position by means of the tri-radiate clamp. It was found 
necessary to carefully grind the bearing surfaces of the closing 
plate and of the funnel together before each experiment in order to 
obtain a perfect fit. 

After thus filling with mercury, the funnel was removed from the 
vise and placed in an inverted position on a tripod. The stopper 
was then unscrewed from the tube, when the little clamp could be 
seen supported on the top of a straight piece of wire projecting a 
few millimeters through the hole at the end of the tube. The 
mercury reservoir (Fig. 8) was slipped on to the conical tube and 
the mercury in the funnel was then boiled by applying the flame 
of a large Bunsen burner to the closing plate. The mercury which 
came out of the small hole in this process, partially filled the 
reservoir, which on removing the flame was filled with mercury 
boiled in another vessel. The whole was left to assume the ordi- 
nary temperature, and then the stopper was inverted and plunged 
beneath the mercury in the reservoir, where it was prevented from 
rising to the surface by the wire U. 

The boiling was again performed, and then the mercury in the 
tube and reservoir was also boiled. Operations of alternate heating 
and cooling were continued until I felt satisfied that no air or water 
remained in the funnel. The stopper was then taken from the 
wire in the reservoir, and manipulating it so as never to permit the 
fingers to come beneath its orifice, it was screwed on to the piece C, 
and the funnel was thus closed. 

The reservoir was then removed, and the funnel was again put 
in the vise ; this time with the mercury collar round it ready to be 
screwed on. The triradiate clamp and the closing plate were re- 
moved and the bearing surfaces were covered with a thin film of 
vaseline before pouring an excess of recently boiled mercury into the 
funnel and sliding the closing plate again into position. The plate was 
then fastened down securely and the mercury collar screwed on. 

The funnel was then installed in the apparatus shown in Fig. 9, 
when the collar was filled with mercury and the top of the funnel 
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thus completely sealed. The stopper was then unscrewed anda 
small vessel of hot, recently boiled mercury was placed so that the 
hole 0 dipped beneath its surface. This caused the mercury in the 
tube to expand and to displace any air from about the orifice of the 
tube as the exuded mercury flowed through it. 

The funnel was now levelled by adjusting the screws on which 
the bottom box rested, the level being placed with its legs on the 
top of the closing plate. The wire mooring the umbrella down 
then coincided with the axis of the tube. In order to find the 
buoyancy of the umbrella at 0° C., the vessel ¢ was not used, but 
the jar and the boxes were filled with table ice, and the cases c 
placed round the apparatus. Cloths were packed under the lower 
box, and the whole was left over night. 

When the equilibration was to be performed, the small mercury 
vessel into which C dipped was removed, the scale pan attached, 
and the weights adjusted so that equilibrium was attained when the 
wire projected 4 mm. from the hole. 


The reading having been taken, the _ . 
pan was removed and the hole was 10S 
again closed with hot mercury. \Y 
In order to get readings below “ae “S 
0° C., the ice was all removed, g was \ 


put in position filled with ice and salt, 
and the boxes were filled with the 


Load in Grammes 
o 
4 af 
| 


5.95 
same mixture. Then the thermometer \ 
was inserted so as to have its bulb in 5.90 SY 
the mercury collar. 
The space round the funnel was ae 5 0 
Temp. C. 
clear of’ the freezing mixture, and Fig. 10 


the funnel thus changed its tempera- 

ture so slowly that the thermometer readings could be relied on as 
giving the temperature of the funnel and its contents. All readings 
were taken with the thermometer slowly rising. 

The thermometer used in these experiments was made by Hicks, 
and had the portion which projected above the cotton wool case 
graduated from 1° C. to 10° C. in tenths of a degree. I tested its 
accuracy at 0° C., and could find no error. The temperature rose 
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(after the apparatus had been left a day or so) about a degree in 
three hours, and readings of the buoyancy could be obtained at 
intervals. 

The results for the weights necessary to be added to the pan, 
which itself weighed about 60 grammes, are set out in Table III., 
and shown also in Fig. 10. 

It will be seen that the last weighing taken after five others 
agrees closely with the first, showing that no air gained access to 
the umbrella in the process of equilibration. 

A new set of platinized weights by Oertling was used in these ex- 
periments. They were tested after the experiments, and were found 
to be consistent with themselves. Their absolute mass is not in- 


volved in the determination. 


Taste III. 


Buoyancy of Umbrella. 


Weighing. Circumstances. Temperature. 
Ist. | After 15 hours in ice. 0° 5.890 
2d. After 21 hours in Ist freezing mixture. == 6.071 
3d. After 33 hours in Ist freezing miature. —4.48 5.995 
4th. After 45 hours in Ist freezing mixture. -0.1 5.895 
5th. After 45 hours in 2d freezing mixture. —9.42 6.120 


6th. After 72 hours in 2d freezing mixture. —0.1 5.910 


DETERMINATION OF THE Density OF IcE AT DIFFERENT 


TEMPERATURES. 


The wire and clamp used in equilibrating the water and ice were 
not the same as those used with the empty umbrella. The values 
for the buoyancy of the umbrella as read from the unbroken 
straight line on Fig. 10 are thus subject to a correction of .o12 
gramme, which must be subtracted from the values thus found. 
The results for the buoyancy of the umbrella are thus taken from 
the broken line in this figure. 
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Let W=the number of grammes necessary to equilibrate the 
water at 0° C.; 2. ¢., the load in the pan less the cor- 
rected buoyancy of the umbrella, 

/ =the number of grammes to equilibrate the ice at — 7° C., 
?_,= the density of ice at — 7° C., 

zw, = the density of water at 0° C., 

h, = the density of mercury at 0° C., 
h_,= the density of mercury at — 7° C. 


Then equating the two values obtained from the above for .J/, the 
mass in grammes of the material taken, we have 


M M 
h,—M= IV and F .A_,—M=T; 
therefore 
h, — w, h_,—i, 
Let K and my 
then 
qh_, 


which was the formula used in computing the results. Since the 
number A’ only depends on the ratio of the weights, no correction 
for the effect of the buoyancy of the air is necessary. 

The density of water at o° C. was taken as .g99884, and that of 
mercury at the same temperature as .135956, while the density of 
mercury at lower temperatures was found from the formula of 
Chappuis ' (Procés-verbaux des Seances du Comité International, 
1891, p. 37). The results needed were read off from a plotted 
curve. 

The funnel having been filled with pure dry air-free mercury in 
the manner already described, the closing plate was removed and 
air-free water introduced under the umbrella. This was accom- 
plished by means of the apparatus shown in Fig. 11. 


1 Chappuis, Procés-verbaux des Séances du Comité International, p. 37, 1891. 
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This consisted of a glass bulb, £, which had a capillary tube, /, 
sealed into it above, and which terminated in a stout tube, m, 
below. The whole could be supported by fixing this tube in a 
clamp. A flexible rubber tube, 

F communicated with the bulb and with 

a somewhat larger reservoir not shown 


in the figure. 

k Mercury was poured into this res- 
ervoir, and it was raised until the 
mercury poured out of the orifice, 
o, in the capillary tube, which was 
plunged into a beaker of water which 
m had been kept boiling for half an hour. 
J J The reservoir was then lowered, and 
the boiled water rushed into the bulb, 

2. & On again raising the reservoir, 

Fig. 11. this water was expelled, and boiled 
water was then introduced in its 


place. This was repeated seven or eight times, when the mer- 
cury reservoir was raised and the beaker removed. The water 
spurted out of o in a rapid stream, so that no air could pass back 
into the bulb. The point o was then dipped into the mercury of 
the funnel, and as the water was ejected from the capillary tube it 
floated up and occupied the upper portion of the inside of the 
umbrella. This was kept in position during filling by a set of three 
strout iron wires fixed in a wooden board, which was fixed on the 
rim of the funnel so that the lower ends of the wires pressed on the 
flat top of the umbrella. This was necessary because the umbrella 
was only stable when it contained more than a certain quantity of 
water. The point o was so made that although the water was pro- 
jected upwards, the point offered no projection for the rim of the 
umbrella to catch upon, so that when sufficient water had been 
introduced, the tube could be removed. 

The water used in these experiments was prepared from ordinary 
distilled water by redistilling in a new block-tin still, the earlier 
products of the second distillation being rejected. 
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TABLE IV. 
1. il. IV. v. VI. 
Ww B 
| by Buoyancy 
at Iceat—7C. | Temp.=—?7°C. "380 from 
4 2 Numbers F 
in Column 
fe] oO. 
(a) 646.225 (4) 709.350 — 195 640.354 5.930 
1 (e) 646.255 (c) 709.675 —10.02 6.112 
Mean of (a) 
and (e) 
643.240 (@ ) 709.300 — 5.909 
a (a) 860.055 (4) 945.235 — 2.90 854.169 5.952 
(c) 945.100 ae 5.894 
3 (4) 822.495 (4) 903.450 — ia 816.609 6.074 
(c) 903.080 — 5.909 
4 (a) 792.690 (4) 871.060 — 2.60 786.804 5.945 
(c) 870.769 — 6.034 
5. Vill. IX. X. XI. 
Sub- 
e t t } 
in Column Ww | g =.07938. h—t. 
Ps Thosein | 
Column Ill | 
703.420 1.09849 1.17787 13.6004 | -916603 
1 703.563 1.09871 1.17809 13.6204 -917780 
703.391 «1.09844 1.17782 13,5981 916487 
2 939.283 | 1.09965 1.17903 13.6028 -915863 
939.206 - 1.09956 1.17894 13.5965 -915509 
3 897.376 1.09890 1.17828 13.6163 -917355 
897.171 1.09865 1.17803 13.5981 -916324 
4 865.115 1.09953 1.17891 13.6020 -915903 
864.726 ‘1.09904 1.17842 13.6119 | -916950 


| 864.623 1.09890 1.17828 


13.6034 -916487 


After filling, the funnel and its contents were allowed to cool ; 
the funnel was then closed with the closing plate as already de- 
scribed, and was placed in the apparatus, Fig. 9, the boxes having 
been previously washed out to get rid of the salt from the freezing 
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mixture. The mercury to seal the top was poured into the 
collar, and the funnel was then leveled. The jar and boxes were 
filled with ice, and the equilibration of the water was performed 
after waiting about eighteen hours. 

The ice in the boxes was then exchanged for freezing mixture, 
the glass jar was emptied of its ice, and the metal vessel ¢ was 
filled with freezing mixture and put into the jar. After leaving for 
two days, the ice was equilibrated, and this could be done at different 
temperatures, as the ice very gradually rose in temperature. The 
ice could then be examined, or a new equilibration of the water 
could be obtained, by allowing the ice to melt and bringing the 
whole again to 0° C. 

The results of the different equilibrations and the computation of 
the density of ice for different temperatures below 0° C. are set out 
in Table BV. 

In this table the letters prefixed to the equilibrations in columns 
II. and III., indicate the order in which these numbers were 
obtained. In finding the numbers in column IX., the value of g 
is only needed to four significant figures; but to compute the 
density of ice at different temperatures (column XI.) this same quan- 
tity 7 is .0793829. 

The whole of the equilibrations performed with the final form of 
apparatus are given in the table. An improvement of the filler was 
introduced subsequently and anomalous results were obtained for 
the only experiment carried out. This was traced to the fact that 
the wire had become damaged during the filling, and the results 
for this experiment were rejected. 

In the case of the first experiment the water was equilibrated at 
the beginning and end, and the mean value was used for computa- 
tion. The ice in this experiment was not examined. In experiments 
2 and 3 the ice was taken out after the last equilibration and was 
found to be free from milkiness and air bubbles, but it had fine 
circular cracks running round it concentric with the central stem of 
the umbrella. 

The fourth experiment was conducted differently from the others, 
and the values obtained proved unmistakably that the same speci- 
men of water may assume different densities on freezing. After the 
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value 4 had been obtained, the ice was permitted to melt either 
partially or completely. A fresh freezing mixture was put in the 
apparatus, and two subsequent equilibrations of the new specimen of 
ice were performed. The second specimen of ice had a considerably 
greater density than the first although it was made from identically 
the same water. 

The results given in column IX. are plotted in Fig. 12. The points 
are marked with numbers indicating the experiment. The unbroken 


| | | 9175 
| 
.9170 
9165 9165 
9160 .9160 
9155 9155 


Fig. 12. 


straight lines drawn through the points give us, by extrapolation, 
four values for the density of ice at o® C., while a broken line drawn 
parallel to the straight line for Experiment 2 through the point 
given by the first specimen of ice in Experiment 4 furnishes a fifth 
value. The numbers thus obtained and the weights to be assigned 
to them in computing the mean are set out in Table V., the weight 
assigned in each case being equal to the number of equilibrations of 
the ice. 
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TABLE V. 
1 -916335 3 
2 -915460 2 m 
3 -916180 2 
-915540 1 
4 -916060 2 


Weighted Mean. -9160 


We thus obtain .g160 gramme per cu. cm. as the density of the 
ice at 0° C. 

This result depends upon the assumption that the density of ice 
is a linear function of the temperature on a mercury-in-glass ther- 
mometer. Systematic error in the thermometer, so long as the 
zero is correct, is eliminated. The result likewise depends on the 
values assumed for the density of water and of mercury at zero, but 
is independent of the absolute mass of the weights employed. 


THE COEFFICIENT OF CuBICAL EXPANSION OF ICE. 

The errors of the thermometers are, however, involved in com- 
puting the coefficient of cubical expansion which also depends 
upon the particular law of dilatation of mercury used, but these 
errors are probably such as will not affect the result to the accuracy 
with which it is given below. The four values which can be found 
from the data available are set out in Table VI. 


VI. 
Coefficient of Cubical Expansion. 
.000155 
2 -000152 
M -000152 
3 | .000153 ti 
4 .000148 


COMPARISON OF RESULTs. 


The value .g160 for the density of ice at 0° C., is lower by two 
parts in 10,000 than the mean of the results obtained by Plicker 
and Geissler, Bunsen and Nichols. It is 1 part in 10,000 less than 
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the mean of Nichols’s values, but it is 7 parts in 10,000 lower than 
Bunsen’s value. The value .000152 for the coefficient of cubical 
expansion is 4 per cent. lower than that of Plucker and Geissler, 
the last published value for the directly determined cubical coeffi- 
cient of artificial ice. It is 5 per cent. lower than the mean value 
given in Table II. 


CONCLUSION. 


The results of this determination of the density and coefficient of 
cubical expansion of ice are, that Nichols’s value for the density is 
confirmed, and that Bunsen’s value is probably too high; but as 
the same specimen of water can freeze into specimens of ice having 
different density, the use of the Bunsen ice calorimeter in absolute 
determinations must be limited to an accuracy of probably about 1 
in 1,000. 

The coefficient of cubical expansion seems to be 4 or 5 per cent. 
less than the mean of previous determinations. 

The expenses of this research have been in part defrayed by a 
Government grant from the Royal Society, and in part by the 
Cavendish Laboratory. I wish to thank Professor J. J. Thomson, 
F.R.S., for his kind encouragement, and my thanks are also due 
to Mr. Griffiths, F.R.S., through whom I was led to undertake 
the investigation. 
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AN EXPERIMENT RELATING TO THE APPLICATION 
OF LAGRANGE’S EQUATIONS OF MOTION 
TO ELECTRIC CURRENTS. 


By WILLIAM S. Day. 


HE experiment described in this paper was analogous to one 
made by Maxwell, an account of which is given in his Treatise 
on Electricity and Magnetism, Vol. II., Section 574. Maxwell’s 
experiment was made for the purpose of determining whether or not 
any part of the kinetic energy of an electric current could be ex- 
pressed by a term depending on the product of an ordinary velocity 
and an electric current. The velocity he considered was a velocity 
of the wire carrying the current in the direction of its length, and 
Lagrange’s equations of motion show that if the term referred to 
exists, whenever a current is started or stopped in a wire, there 
would be an impulse acting on the wire in this direction. As Max- 
well states, no evidence of any such effect has ever been discovered. 
The experiment described here was for a similar purpose, the differ- 
ence between the two experiments being that in this experiment the 
mechanical coordinate considered is one such that its velocity means 
a rotation of the wire around its axis, the corresponding impulse 
when the current is suddenly started or stopped being an impulsive 
torque, if the term in question exists. No evidence of the existence 
of such an effect was discovered, but a maximum limit to its value 
was obtained, which is given on page 161. 

In the application of Lagrange’s equations of motion to electric 
currents which Maxwell made, and by means of which he so beauti- 
fully deduced the laws of electromagnetic induction, he considered 
that the state of a system of electric currents could be given by two 
kinds of coordinates, the ordinary mechanical and the electrical co- 
ordinates. The electrical coordinate he chose was one such that 
its velocity, or rate of variation with the time, expresses an electric 
current. A single linear circuit having only one degree of ordinary 
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mechanical freedom, can therefore be considered as a system having 
two degrees of freedom, one mechanical and one electrical. In the 
most general case the kinetic energy of a system having two de- 
grees of freedom is a homogeneous quadratic function of the veloc- 
ities of the two coordinates which correspond to the two degrees of 
freedom, and can be expressed as follows : 


Kip + (1) 


in which 7 is the kinetic energy, x the mechanical coordinate, y the 
electrical coordinate, + and y being the time-derivatives of these. 
x is an ordinary velocity and y is a current. /, A, and Z are co- 
efficients which are frequently but not necessarily constants. / cor- 
responds to a mass, Z is the self-induction, and A is the coefficient 
whose existence it was the purpose of Maxwell’s experiment to de- 
termine. In his experiment there was a circular coil of wire sus- 
pended so that it was free to rotate around its axis, that is so that 
each element of the wire could move in the direction of its own 
length. The velocity of his coordinate therefore expressed such a 
motion and Lagrange’s equations show that if A is not 0, whenever 
a current is suddenly started or stopped in the wire it would expe- 
rience an impulse tending to change the coordinate +. When an 
electric current in a wire is considered as something analogous to a 
flow of water through a pipe, such a coordinate is the natural one 
to choose. The advantage of considering the energy of a magnetic 
field as kinetic energy of rotation, the lines of magnetic force being 
the axes of the rotation, or vortex lines, while a current is a motion 
of translation—instead of considering the current as being the rota- 
tion while the energy of the magnetic field is kinetic energy of 
translation, the magnetic force being a velocity, also leads the mind 
to the same idea. But in spite of all that has been done by Max- 
well, J. J. Thomson, Drude, Kelvin, and others in the way of con- 
structing hypotheses, we are still extremely ignorant of the true 
mechanical explanation of electric currents and phenomena, and it 
seemed to the author that in applying Lagrange’s equations to the 
phenomena we should not be content with discussing only one kind 
of coordinate, but we should consider every one that was geometri- 
cally possible and was not contradicted by known facts. Imagine 
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a closed electric circuit which is symmetrical around a straight line, 
a straight wire for example in the axis of a cylindrical shell with 
circular discs connecting the wire and shell at the ends. In a cir- 
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Fig. 1. 
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cuit of this kind, owing to the symmetry 
of the arrangement, apparently the only two 
mechanical coordinates which could prop- 
erly be considered in this connection are 
that which Maxwell considered and the one 
taken account of in the present experiment. 

The experiment was tried in the follow- 
ing manner. A straight rod or wire of 
aluminum about 30 cm. long and 0.25 cm. 
in diameter was suspended by a quartz 
fiber about 12 cm. long in such a way that 
by means of mercury cups a current of 10 
amperes could be sent through it at will 
in either direction. Figure 1 (which is of 
the actual size) represents how the mercury 
cups were arranged. The lower end of 
the aluminum rod was rounded and dipped 
into a mercury cup I cm. in diameter made 
of copper. The upper end of the wire was 
screwed to a nearly rectangular aluminum 
frame with a copper lug projecting down- 
ward in the inside of the frame from the top 
This dipped into a small mercury cup at 
the end of a copper bar extending horizon- - 
tally from an upright standard. In order 
to avoid the capillary action which would 
tend to make the wire stick to the sides of 
the mercury cups, the latter were amalga- 
mated while the wire was not. This caused 
a capillary repulsion between the cups and 
the suspended wire and kept the latter 


in the center of the cups. The quartz fiber could be adjusted at 
the top in azimuth and in height independently. The mercury cups 
could also be adjusted, and the instrument stood on three leveling 
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screws so that the system could be quickly and accurately brought 
to any desired adjustment. The motions of the wire around its axis 
were observed with the aid of a small silvered cover glass which was 
cemented to the wire and which reflected the image of an incandes- 
cent lamp filament on a scale. 

The following disturbing forces which tended to mask the effect 
looked for had to be taken account of and reduced to as small an 
amount as possible. 

The earth’s magnetic field caused a force which acted on each 
element of the wire perpendicularly to its length and which, on ac- 
count of the wire being not absolutely straight, in combination with 
the reaction of the mercury cups and the suspending fiber, produced 
a couple which tended to cause a constant deflection of the wire, 
the direction of which was reversed when the current was reversed. 
This was largely done away with by surrounding the wire with a 
piece of iron pipe 53 cm. long, 20.5 cm. inside diameter, and 0.7 
cm. thick. The horizontal component of the earth’s field was re- 
duced in this way about 36 times, and any residual effect could be 
much further reduced by bringing up near the outside of the pipe 
the proper pole of a steel bar magnet. 

A smaller source of disturbance was due to the magnetic field 
produced by that part of the current which was not in the wire itself. 
The importance of this was overlooked in designing the stand of 
the instrument and it might have been made considerably smaller. 
Its effect however with a little care was almost entirely done away 
with by bringing up near the wire a coil through which the same 
current passed. This effect tended to produce a steady deflection 
while the current was flowing, which was not reversed when the 
current was reversed. 

A third disturbance was that due apparently to the magnetic effect 
of the induced currents in the iron pipe and other neighboring con- 
ductors. The upright stand of the instrument which supported the 
quartz fiber was made of a piece of glass tubing so that the chief 
effect must have come from the iron pipe. This might have been 
avoided by using a magnetic shield built up of laminated iron, but 
this was not done on account of the extra expense. The disturb- 
ance took the form of an impulsive deflection at starting and an op- 
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posite one at stopping the current, the direction being independent 
of the direction of the current. 

The pressure of the mercury in the cups had the effect of reducing 
the free period of vibration of the wire from about 6 seconds to about 
4 or even 2 seconds. The amount of reduction was different each 
time the wire was set up, but it remained quite constant as long as 
the adjustment remained the same. This change was evidently due 
to the effect of gravity acting on the not accurately straight wire in 
connection with the pressure of the mercury. It was regarded 
merely as if it were an increase in the elasticity of the quartz fiber, 
the moment of inertia of the wire being supposed to remain the same. 

The effect of the well-known tendency of mercury to become 
covered with a film which holds light suspended bodies partly im- 
mersed in it as rigidly as if it were solid, was partly avoided by using 
only the purest mercury, having the parts that dipped into the mer- 
cury perfectly clean and free from amalgamation, and washing out 
the cups with mercury just before each experiment. The wire 
would usually vibrate quite freely with little damping when first set 
up if it were well immersed in the mercury, but this condition would 
not last very long, and the repeated turning on and off of a current 
as heavy as 10 ampéres, after fifteen or twenty times, or much less 
sometimes, would increase the damping so that it was useless to 
proceed. It was then necessary to take everything down, clean up 
and start again. This peculiarity of mercury made the experiment 
very tedious. 

The wire was protected from stray currents of air by means of a 
glass tube placed outside around the wire and the upright tube 
which supported the wire. 

The mass of the suspended system was about 4.6 g., of which 
4.2 was the mass of the straight part of the wire and 0.4 was the 
mass of the upper frame. The moment of inertia of the system 
was 0.069 g. cm.” of which 0.024 was that due to the upper frame 
and 0.045 that of the straight part of the wire alone. These 
moments of inertia were determined experimentally by means of a 
small added tube whose moment of inertia was calculated from its 
mass and regular dimensions. 

The calculation of the maximum value of the coefficient in equa- 
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tion (1) from the results of the experiment was carried out as 
follows. Let A be the value of this coefficient referred to 1 cm. 
length of the wire. Then A/ would be its value for a wire of 
length /, that is, A= A/. Considering then the wire as having only 
one degree of mechanical freedom its kinetic energy would be 


T= + + LLP; (2) 


Tis the moment of inertia of the wire, Z the self-induction, + the 
angular velocity, 1 the current. Forming Lagrange’s equation for 


the force of type 1, 
dot oT 


A= at 0x (3) 


Since 7 is not a function of +, 07/0x=0. Performing the differ- 
entiation and assuming that 4 is a constant as the simplest sup- 
position, 

‘N= /i + Aly. (4) 
The only external force, we will suppose for simplicity, is the torque 
of the fiber. This tends to decrease x and is proportional to it. 
Call it —.Vx. Then the equation would be 


Ix Aly. (5) 


Multiplying by d¢ and integrating through the extremely short 
time, J¢ during which the current is establishing itself, or dying out 


At at At 
—N xdt = Xdt + Al (6) 
0 0 0 


As the average value of + during this time will be practically o, 
the first member reduces to 0, and if, the system starting from 
rest, is'the angular velocity generated, and the current which 
is started or stopped, the equation becomes 


o= + Alj,,. (7) 
Therefore 
Aa —, 8 
(8) 


This gives A in terms of known quantities and the angular velocity 
generated at the instant of turning on or off the current y,. This 
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angular velocity is measured by the deflection as in the case of the 
ballistic galvanometer. The system is vibrating under no force but 
the torsion of the quartz fiber and friction. Supposing its equation 
of motion now to be that of a system of only one degree of free- 
dom, it would be 


_ Ft xt 
«= Be sin —, (9) 


. 


in which # is the maximum amplitude if there had been no friction, 
F is the coefficient of friction or retarding moment for unit angular 
velocity, and z is the period of vibration. From this, when ¢= 0, 


i= (10) 


Therefore 
Fr 
B= = + fA) (12) 
in which 4 = the logarithmic decrement. 
Therefore 

amx (1+2i 

(13) 


and substituting this value in (8) 


+ 


A= 


(14) 


This is the equation to determine A from the observed quantities. 
On one particular occasion, on April 14, 1902, the apparatus was 
edjusted more accurately than at any previous time. The period 
| of vibration was about 2.2 seconds. On closing the circuit and 
allowing a current of 10 ampéres to flow, there was a temporary 
[ deflection of 1.2 cm. on the scale, in the same direction, however, 
whatever the direction of the current. The magnetic forces acting 
: on the wire for a steady current were so nearly balanced that it was 
estimated that if an impulsive torque due to a value of A had existed, 
it must have been capable only of producing a deflection on the 
scale smaller than 0.3 cm. or it would have been noticed. The 
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scale was distant 57.5 cm. It was, however, at an angle with the 
perpendicular to the radius drawn from the mirror whose cosine was 
na . The angle corresponding to the 0.3 cm. was therefore 
57-5 
m x (57.5) 


A was so small that for the purposes of this calculation it was 
neglected. Taking /= 0.069,/= 30, J’, = 1 electromagnetic unit, 
and t = 2.2, we get 

27 - 0.069 - 0.3 

2° (57.5) 30°2.2 


The sign of course is of no consequence unless a deflection is 
actually observed. Call the result in round numbers 0.00002 
This is the maximum limit to the value of A given by the experi- 
ment. The meaning of this is that if the coefficient 4 had this 
value in the sense in which it is used here, when a current of 10 
amperes was decreased to zero at a uniform rate in exactly one 
second, there would be an apparent torque acting on each linear 
centimeter of the wire during this second equal to 0.00002 dyne. cm. 

This effect could also be looked for from the point of view of 
the other coordinate. In the expression for the kinetic energy 
the two coordinates appear symmetrically, and therefore if an 
acceleration of the electrical type produces a mechanical force, an 
acceleration of the mechanical type should produce an electromo- 
tive force. That is to say, if a wire which was in very rapid rota- 
tion around its axis were suddenly brought to rest, there should be 
an electromotive force acting in the direction of the length of the 
wire, if A is not zero. If the wire is part of the circuit of a ballis- 
tic galvanometer, this momentary electromotive force could be ob- 
served, if it exists, just as in the case of momentary induced cur- 
rents. The application of Lagrange’s equations shows that the 
total quantity of electricity which would pass through the circuit 


would be 


R ’ 


in which /= the length of the wire, +, =the original angular ve- 
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locity of the wire, and R =the resistance of the entire circuit. A 
rough calculation showed that this method did not give any certain 
promise of greater sensitiveness than the other method, using gal- 
vanometers of great sensitiveness and as great a change in angular 
velocity as could probably be produced. It did not seem worth 
while therefore to look for the effect in this manner also as long as 
there was so little theoretical season to expect its existence. 
CoLuMBIA UNIVERSITY, NEw York, N. Y. 
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SPARKING DISTANCES BETWEEN PLATES FOR 
SMALL DISTANCES. 


By R. F. EARHART. 


T is desired in this article to supplement a series of measurements 
made some two years ago, on the sparking distances between 
plates for small distances. (/%i/. Mag., Jan.,1901). 

In the previous determinations, there was used an e.m.f. obtained 
from a bank of storage cells. In the present case measurements 
have been made in which the e.m.f.’s are periodic in character. Some 
measurements have been made on the effect of introducing capacity 
in circuit. The periodic e.m.f.’s here considered were taken from a 
transformer connected with the city lighting mains, and having a 60- 
cycle period. Dependence on station regulation is perhaps unfor- 
tunate but by proper choice of hours for experimentation little diffi- 
culty was encountered on account of fluctuation in potential. The 
conditions to be fulfilled in this problem are: (1) To measure a 
small distance accurately, (2) to measure a potential difference 
accurately. 

In order to fulfill the first condition, recourse was had to an 
interferometer ; measurements of distance being made in terms of 
wave-lengths of sodium light. The method of accomplishing this 
will be readily understood by consulting Fig 1. The electrical 
conditions fequire that one surface should be spherical. In this 
case a bicycle ball 2.52 cm. in diameter was mounted on a rigid 
support and insulated therefrom. The opposite surface (D’) was 
mounted in a similar manner and attached to the movable carriage 
of an interferometer (C) which bears the mirror (J7). The surface 
(D’) could then be brought in contact with the spherical surface 
(D) and separated, the distance of separation being readily inter- 
preted by the number of fringes passing the field during the course 
of separation, The method of determining contact between the sur- 
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faces was to include a galvanometer and a small e.m.f. (about .o2 
volt) and determine the point of contact electrically. This point 
can be easily determined to within 1% a fringe, 7. ¢., 14 4 or approx- 
imately .15 micra. No effort 
was made to determine dis- 
tances more accurately ; for 
this lies well within the limit 
of accuracy of the e.m.f. de- 
terminations. 

Correction has not been 
made for the sphericity of 
one surface for the distances measured are of the order of a wave- 
length of light, whence a radius of curvature of 1.26 cm. is rela- 
tively large. 

The surfaces used were ground, polished and, in some cases, 
nickel-plated, approximating optical surfaces as nearly as possible. 
It is necessary that optical surfaces be approximated in order to 
obtain consistent readings. 

The e.m.f.’s were obtained from a Westinghouse transformer 
2000-100 volts, used as a step-up transformer. By suitable con- 
nections with the ordinary house mains an e.m.f. of 2,000 volts was 
available. This 2,000-volt current was passed through a bank of 
20 lamps connected in series. These were mounted ona _ board, 
the terminals of each lamp dipping into a mercury cup as indicated 
in Fig. 2. It is thus possible to obtain a considerable range in po- 
tential difference by utilizing the drop in potential along the series. 
The P.D. between the terminals of each lamp, approximately of 100 
volts, may be reduced by grouping lamps in parallels. An auxil- 
iary board with suitable connections (not shown in figure) was used 
for this purpose; so that e.m.f.’s ranging from 10 to 2,000 volts in 
steps of 10 volts were available. These e.m.f.’s were measured by 
a Kelvin milleampére balance provided with suitable non-inductive 
resistances to reduce the flow through the balance below the safety 
limit. 

The method of procedure, then, was to separate the plates a 
given distance and establish connection with the busbars (/, /) 


Fig. 1. 
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Fig. 2. The P.D. between the busbars could then be varied by con- 
nections between the bars and the mercury terminals of the lamps. 
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Fig. 2. 
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Since the Kelvin balance takes an appreciable current and is shunted 
across the lamps, this serves to reduce the potential between the 
lamp terminals, hence it is necessary to keep the balance circuit 
closed when applying an e.m.f. There being no inductive resistance 
in the circuit or a negligibly small one, the e.m.f.’s can be readily 
computed from the balance readings. In considering some of the 
results where capacity was included in the circuit some question as 
to the effect of the balance on the results arose. A set of Kelvin 
electrostatic voltmeters being available, these were connected across 
the busbars and measurements obtained almost identical with the 
balance both when the capacity was in the circuit and when the 
capacity was negligibly small. This instrument, like the balance, 
gives the square root of mean square values for a sine curve 
e.m.f. 

Results.—A series of readings wherein nickel-plated surfaces were 
used are given in Table I. and represented graphically in Plate I. 
Readings given are those of maximum potential and obtained from 
square root of mean square values as given by the balance. This 
curve is almost identical with that obtained from static discharge, 
hence we conclude that a given potential is required to cause a 
spark to pass between such surfaces and that the character of the 
potential difference, whether static or perodic is unessential. 
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Nickel Surface. 

Distance in | Potential in Volts. ‘| Distancein © Potential in Volts. 
‘Wave- - - Wave- — 
__lengths. | 1st Spark. ad Spark. __lengths. Spark. ad Spark. 

1 | 72 515 

1 | 120 20 392 520 

1.5 128 25 403 510 

2.0 137 30 403 598 

2.5 242 35 414 573 

2.5 250 35 441 555 

3 256 40 547 656 

3 270 45 555 671 

3 248 CO 50 590 743 

4 337 55 585 | 750 

5 350 75 700 820 

5 300 85 750 865 

6 321 100 785 865 

6 307 100 786 1030 

8 320 | 100 700 940 

10 3450 910 1070 

10 347 150 974 1200 

10 330 200 1100 1250 

12 300 | 364 

15 S00 


As with the static P.D., so in this case, there seems to bea 
change in the law at a distance of about three wave-lengths. At 
distances less than this the P. D. required to cause a spark to pass 
seems proportional directly to the distance of separation but above 
this point the relation between potential and distance follows a dif- 
ferent law. 

I have distinguished between what is termed the first and second 
spark. When a sufficient potential is established between the disk 
and ball a spark will pass, if now the e.m.f. be withdrawn the 
same potential will not cause the spark to leap the air gap a second 
time. It seemed possible that the discharge had torn off some of 
the plating, thus increasing the distance. To determining whether 
or not this was the case I reversed the motion of the interferometer 
carriage after the first discharge and counted the number of fringes 
passing the field during tne retrograde motion until contact was 
made. In the case of the plated surfaces and for a large number of 
measurements I found the point of contact to be unchanged. 
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Steel Surface. 


Potential in Volts. 


Capacity None. 0.2 0.4 
5 90 125 135 
8 225 200 155 
10 255 230 165 
12 290 234 
15 298 286 303 
20 305 320 330 
25 392 
30 345 | 360 410 
40 410 420 530 
50 496 490 584 
60 520 545 659 
75 580 600 728 
100 670 825 872 
125 790 
150 840 


A microscopic examination of the surfaces afforded a possible expla- 
nation. The nickel film seemed pierced by the discharge, the spark 
apparently seeking the ball below the nickel film. This discharge 
point had the appearance of a crater more or less regular in form, 
moreover the crater and adjacent nickel were coated with a film of 
iron oxide, probably carried out by the discharge. There were 
small projections at the edge of the crater but all fused and rounded 
down. Quite possibly, although the surface appeared initially 
smooth, there were minute roughened projections which the fusion 
by the discharge would round down. This, together with the slight 
coating of oxide, would explain the fact that a higher potential was 
required for second discharge. A number of early readings ap- 
peared to indicate some regularity for the second P.D. as defined 
above but a large number of readings proved this a fallacy. The 
readings given for first spark are shown in Plate I. by circles (0), 
for second spark by crosses (x). The potential required for second 
spark seems dependent on the character of the crater formed by the 


initial spark. 
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In using steel surfaces, the general character of the curve agrees 
with the curve for nickel surface. A bicycle ball and disk ground 
and polished but not burnished were used. I was unable to obtain 
as satisfactory a surface in this case which probably accounts for 
the slightly lower potential required for a given distance. 

In the case of no capacity curve, it was found that up to about 
100 wave-lengths the potential for second spark was the same as 
for the first. Up to 15 wave-lengths the surfaces fused together 
on first discharge. Several measurements were made for a distance 
of 50 wave-lengths. It was found on pushing back the disk that 
the distance to contact had decreased from 10 to 12 wave-lengths, so 
that although the same potential as before was required the air gap 
was less. After a distance of 100 wave-lengths was reached the 
potential required for second discharge was greater than for the first. 
The oxidation and rounding down of the surfaces will, I think, ac- 
count satisfactorily for all of these things. 

The curves given in Plate II. are for steel surfaces. Curve I. 
representing values obtained with no capacity in the circuit, Curve 
II. when a capacity of 0.2 microfarad is introduced and Curve III. 
for 0.4 microfarad. Some measurements were made with a capac- 
ity of 1.36 microfarads which give values similar to those of Curve 
III. This particular condenser broke down at the higher potentials 
and for the present I have no means of checking the values, hence 
they are not tabulated. They seem to indicate that a farther in- 
crease in the capacity will not modify the result materially. 

The effect of capacity seems to round out the elbow of the curve 
as it were. Below this point introducing a capacity seems to dimin- 
ish the potential required for discharge, while above a limiting point 
a higher potential than before is required. The individual readings 
from which the curves are plotted are given in Plate II. Curve I. 
is plotted from values represented by a dot (.), Curve II. by a circle 
(0) and Curve III. by a cross (x). These values form only a small 
part of the data obtained but are not selected values. They repre- 
sent one continuous run of readings, the other values showing fair 
agreement with these. 

During the early stages of the experiment rather elaborate pre- 
cautions were taken to exclude dust and water vapor, but in repeat- 
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ing a series of measurements these were dispensed with. It was 
found that the presence of dust and water vapor affected the results 
to a very slight extent, if at all. Most of the readings given are 
those in which no precautions were taken to guard against either 
dust or vapor and are under the conditions which ordinarily prevail 
in a laboratory with regard to temperature, etc. 

I wish to express my obligations to the authorities of Ryerson 
Laboratory of the University of Chicago for the use of an interfe- 
rometer with which these measurements were made. 


ROosE POLYTECHNIC INSTITUTE, 
TERRE HAUTE, IND., June, 1902. 
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THE GENERALIZATION OF GAUSS’S THEOREM. 


By S. J. BARNETT. 


ITH one partial exception, mentioned below, theorists have 

hitherto demonstrated Gauss’s theorem, so far as my knowl- 
edge goes, only for the case of a single homogeneous isotropic 
medium filling all space, and have then (implicitly) assumed it to 
hold true in all cases. The object of this paper is to point out the 
omission just mentioned and to establish in a logical manner the 
generality of the theorem. 

First, consider the theorem as applied to electrostatics. In this 
case it may be stated as follows: The electric flux outward across 
any closed surface surrounding a charge g (rational units) zs egual to 
g, or, fora single tube of induction, the electric flux across every 
diaphragm of a given tube of induction is the same and equal to the 
charge at tts ends. 

1. When the medium in which the charges are situated consists 
of a single infinite homogeneous isotropic dielectric, the law of 
inverse squares holds good in its simplest form, and the theorem 
follows logically, as in the common demonstration. 

2. Now, by altering the charges and their configuration in the 
infinite dielectric just considered, the form of any tube of induction 
may be altered in any manner without altering the flux along it, 
called for brevity its strength. That is, the strength of a tube of 
induction is independent of its form. 

3. If now dielectrics of different permittivity from that of the 
original dielectric, or conductors, or both are introduced into the 
field, the form of the portions of the tubes traversing what is left 
of the original dielectric will be altered; but, as just shown, this 
cannot alter their strength. Hence Gauss’s theorem is valid through- 
out axzy region which contains a single homogeneous isotropic 
dielectric. 
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The validity of the theorem for the very important particular 
case in which the field contains any number of conductors and a 
single homogeneous isotropic dielectric can also be demonstrated as 


follows : Consider any number of equipotential surfaces, charged or 
uncharged, but exc/osing no charges in an infinite homogeneous, 
isotropic dielectric. The surfaces may have any shapes, and any 
charges consistent with their being equipotentials. Throughout the 
field including these surfaces Gauss’s theorem holds, by $1. When 
applied to the region enclosed within any of the equipotentials, the 
theorem shows that the electric intensity at every point in this 
region is zero. Hence the dielectric enclosed by any or all of the 
equipotentials can be replaced by any other dielectric or by a con- 
ducting substance without in any way affecting the external (and 
only) electric field or the validity of Gauss’s theorem. This estab- 
lishes the validity of the theorem for the case considered. 

4. To establish the complete generality of the theorem for a 
region containing any number of homogeneous isotropic substances 
it is necessary to show in addition only that in passing from one 
dielectric into another a tube of induction does not alter in strength. 
To do this, consider the electric field between the plates A and B 
of a closed condenser containing two dielectrics, 7 and 2, 7 being 
in contact with dA only, and 2 in contact with # only. If the 
charge of 4 is g, that of 2 is — g, and there is no charge upon the 
interface between the dielectrics 7 and 2 (the charges due to con- 
tact being equal and opposite at any point). Applying Gauss’s 
theorem to the region 7, we find the total strength of all the tubes 
emanating from dA to be g; and likewise, in the region 2, we find 
the total strength of all the tubes terminating upon # to be g. 
Thus the total strength of all the tubes is unchanged in passing 
from Ato 4. And since this result is absolutely independent of 
the size or shape of the dielectrics or conductors, it follows that, 
however the field is divided up into tubes, the strength of every 
tube remains unaltered in crossing the interface. 

5. By an obvious extension of what precedes, Gauss’s theorem 
is seen to be valid also when the permittivity of the dielectric varies 
continuously from point to point instead of changing suddenly at 
distinct interfaces. 
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6. To extend the theorem to zolotropic media, we have only to 
remember that when the electric induction has the direction of any 
one of the three principal axes the phenomena are in all respects 
precisely the same as if the dielectric were isotropic. Hence for 
induction in these three directions Gauss’s theorem holds good. 
But the induction at any point is always the vector sum of three 
such'component inductions. Hence the theorem is valid for any 
direction of the induction. 

In magnetostatics Gauss’s theorem, equating the magnetic flux 
into the surrounding medium from a pole to the pole strength, is 
valid only for the ideal case of a concentrated pole, and then only 
when the equal flux 7o the pole through the magnet is neglected. 
For this ideal case the theorem may be generalized in almost the 
same manner as in electrostatics. In general the flux from a mag- 
netic pole is very different from its strength. 

The theorem is always assumed to be valid also in the general 
electromagnetic field, which may contain moving charges and poles 
and varying intensities. The justification of this assuinption is of 
course the agreement of its important consequences with experiment. 

In gravitation the ordinary proof of the theorem is general, since 
the gravitational ‘“ permittivity” or ‘inductivity’’ appears to be 
identical for all kinds of matter. 

The very inadequate generalization of Gauss’s theorem to which 
reference was made in the first paragraph above is contained in Pel- 
lat’s Electrostatique non Fondé sur les Lois de Coulomb, etc., 
§33.' The generalization of the theorem given in this paper is 
wholly independent of Pellat’s work, and was largely developed 
long before I had seen his article. 


1 Ann. de Chim. et de Phys. (7), V., 1, 1895. 
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ON THE CAVENDISH EXPERIMENT AND THE LAW 
OF INVERSE SQUARES IN ELECTROSTATICS. 


By S. J. BARNETT. 


T is not the object of this note to cast any aspersions upon the 
law of inverse squares, or upon the Cavendish experiment itself, 
or upon any legitimate deduction therefrom. ‘‘ The law of inverse 


squares,” in the words of Mr. Heaviside, ‘‘is true and always will 
be ;’’ the Cavendish-Maxwell experiment was certainly well per- 
formed ; and the experiment certainly proves that in a static field 
no electric charge resides within the substance of a conductor or 
upon the inside surface of a hollow closed conductor. It would 
appear, however, that a serious fallacy is involved in attempting to 
investigate the law of force in electrostatics by any such experiment. 

To make this clear, consider two concentric spheres A and #/, 
with radii @ and 4 (a greater than 4) respectively, drawn in an 7nx/fi- 
nite, homogencous, isotropic, non-conducting dielectric. Let the surface 
A be charged to a uniform surface density. Then it can be shown 
by well-known methods (exactly analogous to those applied by 
Newton and Laplace to the region within a homogeneous spherical 
shell of gravitating matter), that, if the law of force is the law of in- 
verse squares, there will be no electric field within the sphere 4 ; 
but that, if the law of inverse squares is not obeyed, there will be a 
radial electric field within as well as without A, and therefore an 
electromotive force directed from A to 2 or from Bto A. But 2 will 
have no charge, being perfectly insulated from A. (The divergence 
or convergence of the electric field within A does not now indicate 
the presence of an electric charge, Gauss’s theorem, or Poisson's 
equation, which ‘equates the divergence of the electric displacement 
to the electric volume density, being true only when the law of 
inverse squares is followed.) To reduce the electromotive force 
from A to & to zero, 8 must be charged to a uniform electric sur- 
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face density, whose sign and magnitude can be calculated in terms 
of that of d when the law of force is given. Or, if we know that 
A and # are so charged that the electromotive force from A to B 
is zero, and if we know the ratio of the charge of 7 to that of A, 
we can calculate the law of force. See Cavendish, Electrical Re- 
searches, §§ 232-235; and Maxwell, Electricity and Magnetism, 
§ 74. 

Now Cavendish and Maxwell have implicitly assumed that the 
above mode of reasoning is valid when the spheres A and # are the 
surfaces of conductors and the sphere A is charged externally while 
in metallic contact with 4, which receives no charge unless by con- 
duction from A. 

But the famous experiments of Faraday with hollow conductors, 
of one of which the experiment of Cavendish is only a particular 
case, have shown conclusively that the substance of a conductor 
cannot support a static field, and that a hollow closed conductor 
screens perfectly the region within it from all external electrostatic 
effects, 7. ¢., all electrical effects persisting after the external field 
has become steady. There is, moreover, not the very slightest 
reason to suppose that this property of a conductor has anything 
whatever to do with the law of force. Indeed, it seems perfectly 
certain that the law of force depends only on the nature of the 
electric displacement in a de/ectric and the three-dimensional nature 
of space (if the displacement is continuous, or the electric flux along 
a tube of displacement constant, and the dielectric homogeneous 
and isotropic, the law of inverse squares is an immediate deduction). 
Thus, no matter what the law of force, there is no reason to expect 
to find an electric charge or an electric field within the substance of 
a conductor or on the inner surface of a hollow closed conductor in 
a static field. It therefore follows that the experiment of Cavendish 
is not conclusive (so far as the law of force is concerned). 

The fact that in a region containing a homogeneous isotropic 
dielectric and conductors the electric intensity at any point can be 
computed on the assumption that the permittivity, or dielectric con- 
stant, of the conductors (and the volumes enclosed thereby, if the 
conductors are hollow) is equal to that of the dielectric does not 
in any way invalidate the above argument. For this fact is a direct 
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consequence of the validity of the law of inverse squares (with its 
corollary, Gauss’s theorem) in the dielectric, there being, when this 
law is obeyed, no electric field within any equipotential surface 
enclosing no charges, and it being therefore wholly immaterial what 
substance or substances such a surface encloses. For the sake of 
computation, the substance within every such surface can be im- 
agined replaced by a medium with the same dielectric constant as 
that of the external dielectric, when the medium filling all space 
becomes electrically homogeneous and the law of inverse squares 
can be applied. If the law of force differed from that of the inverse 
square, every equipotential surface enclosing no charges drawn in a 
region filled with a dielectric would contain an electric field, and the 
dielectric within such a surface could not be replaced by a conductor 
without reducing this field to zero and therefore disturbing the 
equilibrium of the external field. Thus in this case the intensity 
could not be computed by assuming the conductors, if present, re- 
placed by an additional portion of the external dielectric. 

What precedes illustrates the importance, not always recognized, 
of inserting the permittivity, or dielectric constant, in the expression 
for the law of force, the force for given charges being inversely pro- 
portional to the permittivity whatever the law of its variation with 
distance. When the medium filling up the whole field is not elec- 
trically homogeneous and isotrop.c the facts cannot be expressed by 
a simple law. 
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AN ACETYLENE GENERATOR. 
By H. A. Ranps. 
HE acetylene generator here shown is a very simple and con- 


venient arrangement for laboratory use where a small quantity 
of the gas is desired, free from air and as pure as the carbide used 


will permit. 
In principle it is based on the work of Matthews who used al- 


cohol to start the reaction slowly and with little evolution of heat. 


Fig. 1. 


Fig. 1 


VL 


As used it consists of a 100-c.c. flask A into which is fitted a two- 
hole rubber stopper, through each hole of which is passed a glass 
tube, one connecting by rubber tube to aspirator bottle 4, and the 
other by short rubber connection to glass tube £ leading up into 
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flask C. Flask C is also provided with a two-hole rubber stopper 
through one of which isthe tube £4, and through the other the short 
tube connected also by rubber tube with larger aspirator bottle D. 
In each connection is a valve or pinch-cock m, , 0, and, as a pre- 
caution, the stopper in flask C is retained by a wire catch similar to 
those used on soda water bottles. 

Operation.—F lask C is filled with water, preferably recently boiled, 
from J, inverted and placed in a rest provided for it. Aspirator bottle 
B is partly filled with water, and both it and tube / are connected 
with stopper of flask A, stopper not being in the flask. To insure 
absolute expulsion of air valves m, 7 and o are fastened slightly open 
so as to leak a very little. Flask A is then filled to the very top of 
neck with g5 per cent. alcohol into which are dropped a few pieces 
of calcium carbide ; after which the flask is raised, the stopper pressed 
tightly in place and flask supported at desired height on convenient 
blocks. Valve m is then closed tightly and 0 and x opened full. 
The reaction will be very slow at first and the gas first formed will 
collect at top of A ; the pressure gradually forcing some of the liquid 
up into C. This will continue until foot of / is reached when bub- 
bles will pass up into C, forcing some of the water out as shown. 
The reaction may be hastened at any time by opening » for an in- 
stant, allowing water to replace some of the alcohol. Should the 
reaction become very rapid so that the small amount of liquid in A 
becomes heated the blocks may be removed and a beaker contain- 
ing water and a few bits of ice may be raised up under it as shown, 
which will insure coolness. . 

When a sufficient quantity of acetylene has been obtained w is 
closed, A removed and the water about stopper will form a perfect 
seal. Ifa measured quantity is desired c may be a graduated flask, 
e. £., 250 c.c. and if when half full D be lowered so that surface of 
liquid in it be kept level with descending maniscus in ¢ and » closed 
at proper time there will be obtained the desired quantity at atmos- 
pheric pressure. For this measurement it is best to have & short 
(see Fig. 2) as then, after A is removed, 0 and ” may be opened 
and the water will force any remaining bubbles of gas out of £ 
without in any way disturbing the gas above. This arrangement 

! Matthews, Journal of American Chem. Soc., Feb., 1900. 
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was also found very convenient for clearing air from any apparatus 
connected to c, though, obviously to draw gas entirely from c it 
would be necessary to place in upright position. 

The apparatus as described was used to generate two liters at one 
charging of A, but more could be obtained or larger flasks em- 
ployed. 

In charging A 5 grams were allowed for one liter of gas, though 
theoretically 64 grams calcium carbide (CaC,) should give 22.4 
liters acetylene (C,H,) or one gram give 350 c.c. The best carbide 
however will give but about 300. 


CHEMICAL LABORATORY, 
UNIVERSITY OF CALIFORNIA, April 10, 1902. 
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TEST OF THE LIQUID AIR PLANT AT CORNELL 
UNIVERSITY. 


By FRANK ALLEN AND WILLIAM AMBLER. 


HE Department of Physics recently installed in the basement 

of the main laboratory a plant for the production of liquid 

air for experimental purposes, and a number of tests have been 

made to determine its output and efficiency. The installation con- 

sists of a separate air compressor and liquefier, the former being 
belt-driven from an independent direct-current electric motor. 

The compressor was built by the Norwalk Iron Works and is 
furnished with a Hampson liquefier made by Brin’s Oxygen Co., 
Limited, of London. The compressor is of the four-stage type with 
air cylinders of 71%-, 378-, 2- and 1-inch diameters, and of 8-inch 
stroke. The cylinders are arranged in parallel on the same bed in 
the usual manner with inter-coolers between each pair. 

The air is led into the compressor through the intake pipe which 
extends through the basement wall and to the roof of the building. 
The air first passes through a lime valve to rid it of dust and the 
greater part of the moisture. In the low pressure cylinder it is 
compressed to 43 pounds per square inch. From here it passes 
through an inter-cooler where it is reduced to room temperature. 
It then enters the second cylinder where it is compressed to 170 
pounds and from which it passes into the second inter-cooler. 
From here it passes into the third cylinder and out into the third 
inter-cooler at 725 pounds pressure. Thence it is forced into the 
high pressure cylinder and is compressed to 2,600 pounds. After 
passing through the after-cooler to again reduce the air to ordinary 
temperature, it flows through a separator where the remaining 
moisture, oil and carbon dioxide are removed. Thence it passes 
to the liquefier where the pressure is kept at about 180 atmos- 
pheres. Connection to the liquefier is so made that it may be dis- 
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connected and the compressor used to furnish compressed air at 
any desired pressure within the capacity of the machine. 

The motor, supplying power to the compressor, is a 30-H.-P., 
500-volt, 4-pole, shunt-wound machine made by the General Elec- 
tric Co., and has a nominal speed of 1,030 r. p. m. The mechan- 
ical power supplied to the compressor was found from the motor 
input and efficiency. This latter was found in the following maaner. 
The belt was first taken off and the electrical energy necessary to 
drive it at no load and normal speed was determined. This value 
corrected for the copper losses at no load gives the total losses in 
the motor due to friction, hysteresis, eddy currents and windage. 
The copper losses at any load were computed from the currents 
flowing and the resistances of the armature and field, these latter 
having been determined by the ordinary fall of potential method. 
Given the electrical power input and the losses in the motor, the 
output, and hence the efficiency is readily found. 

Readings of volts and ampéres were taken by Weston instruments 
which had previously been calibrated by comparison with laboratory 
standards. The motor was run at about three fourths full load 
throughout the tests, at which output its efficiency was found to be 
87.6 per cent. Therefore neglecting the small Ioss in the belt, the 
power supplied to the compressor was taken as 87.6 per cent. of the 
motor input. 

The liquid air begins to flow from the nozzle of the liquefier 
within ten minutes from the time the compressor is started. Under 
the nozzle was placed a silvered Dewar bulb of two liters capacity 
supported upon one arm of a balance. The time taken to collect 
every two hundred grams of liquid was carefully noted until the 
bulb was full, when it was replaced by another. In the first test 
two liters were collected and removed, and a one-liter bulb of the 
same pattern substituted. The sudden rush of liquid air was, how- 
ever, more than this vessel could stand, and it was shattered with 
explosive violence. This brought the first run to an abrupt end in 
a few minutes less than an hour. 

The second test was made some time later with new purifying 
material in the separator. This, however, did not remove the atmos- 
pheric carbon dioxide as thoroughly as the original purifier, and 
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gave the liquid air a milky appearance due to the suspension of par- 
ticles of the frozen gas. This seemed to make some difference with 
the action of the liquefier, and consequently the first run, though 
only half as long, is considered to be more representative of the per- 
formance of the plant. In addition to this, toward the end of the 
second run which lasted over two hours, the valves of the liquefier 
seemed to be a little clogged which perceptibly interfered with the 
rate of flow. During both runs, voltmeter, ammeter and speed 
observations were made at intervals of five minutes. 

The quantity of air liquefied is usually about five per cent. of 
the amount passing through the system. The energy made avail- 
able by this quantity of liquid air may be readily computed. 
Several determinations of the heat of vaporization have been made, 
which, however, differ widely. Dewar' found it to be 80 calories. 
D’Arsonval?® gave the value as 65; while Behn* has found it to 
be 50.8. Behn’s value has been confirmed by Dr. J. S. Shearer,‘ of 
the Physics Department, Cornell University. In this paper the heat 
of vaporization of liquid air is taken as 50 calories. 

In addition to vaporizing the air, its temperature must be raised 
from the boiling-point (— 191°.4C.) to the ordinary atmospheric 
temperature, that is through about 200°. The specific heat of air 
at constant pressure varies with the temperature, and also changes 
with the pressure. At 0° and atmospheric pressure it is 0.2375, 
and Linde’ has computed its value to be 0.2467 at — 170° and the 
same pressure. In a test of this kind sucha variation may be 
neglected in view of the approximate nature of some of the measure- 
ments. 

The amount of heat necessary to raise the temperature of one 
gram of air through 200 degrees is about 47.5 calories. The total 
amount of heat, therefore, required to vaporize and raise to ordinary 
atmospheric temperature one gram of liquid air is 97.5 calories. 


1 Dewar, Scientific Uses of Liquid Air, Proc. Roy. Inst., Vol. 14, p. 393, 1894. 
Also in Chemical News, Vol. 71, p. 192, 1895. 

2D’ Arsonval, Compt. Rendus, 133, p. 980, 1901. 

5 Behn, Annalen der Physik, Vol. 306, p. 270, 1900 (1). 

‘Shearer, PHysicAL Review, Vol. XV., p. 188, 1902. 

5Carl Linde, Process and Apparatus for Attaining Lowest Temperatures for Liquefy- 
ing Gases, Engineer (Lond.), Vol. 82, p. 509, 1896. 
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Following are the results obtained : 


Test I, 
Amount of liquid air produced, 2,700 = grams. 
Time, 55.5 minutes. 
Rate of production, 2,919 grams per hour. 
Energy made available by liquid air, 284,602 calories, 

Average power supplied, 18,881 = watts. 

Total foot pounds per hour supplied 

to motor, 50,129,055 
Efficiency of motor, 87.6 per cent. 
Power supplied to compressor in 

foot pounds per hour, 43,913,052 
Efficiency of compressor and liquefier, 2.0 per cent. 

‘plant including motor, 

Test II. 

Amount of liquid air produced, 5,631 grams. 
Time, 139 minutes. 
Rate of production, 2,431 grams per hr. 
Energy made available, 237,022 calories. 

732,398 ft. Ibs. 
Average power supplied, 18,650 watts. 
Total ft. Ibs. supplied to motor per hr., 49,515,750 

compressor, 43,375,797 
Efficiency of compressor and liquefier, 1.7 per cent. 


In Test I. the energy supplied was 25.2 horse-power-hours, and 
as the production of the air was at the rate of 2,919 grams per hour 
the performance may be expressed as 116 grams per horse-power- 
hour. Taking the density’ of liquid air as 0.932, the performance 
may be expressed as 124 c. cm. per horse-power-hour. In a 
descriptive leaflet issued by the Brin’s Oxygen Co., with the 
Hampson liquefier, it is stated that with 3.5 indicated horse-power 
the liquefier had produced 1.2 liters per hour. The compressor 
used was a two-stage one. The performance is therefore about 


'C. T. Knipp, On the Density and Surface Tension of Liquid Air, PHys. REv., 
vol. 14, 1902, p. 75. 
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340 c. cm. This is about the same as stated by Travers in his 
book, ‘‘ The Study of Gases.’’ Corresponding figures for the Linde 
process are as follows': With 3 horse-power 900 c. cm. of liquid 
air are produced per hour, or 300 c. cm. per horse-power-hour. 
In the paper referred to there is mentioned a plant under construc- 
tion which is expected to produce 50 liters per hour with 120 horse- 
power. This will be a performance of about 420 c. cm. per horse- 
power-hour. D’Arsonval in the paper referred to mentions a 
Linde plant which has an output of 7 or 8 liters with an expendi- 
ture of 20 horse-power. It requires 35 minutes to liquefy the air. 
It has been also theoretically computed? that one horse-power-hour 
will produce 100 grams of liquid air, which is not far from the 
actual performance of the Cornell University plant. 

It is evident, however, that the values which have just been dis- 
cussed under Test I. and Test II. do not represent the true output 
of the plant. There is a constant evaporation not only from the 
surface of the liquid in the containing vessels, but also from the air 
streaming from the liquefier. 

The loss due to evaporation should not properly be charged 
against the producing plant, but is due to the inefficiency of the 
receiving apparatus. Experiments were made to determine this loss 
as accurately as possible. The evaporation from the surface of the 
liquid was determined by weighing and found to vary greatly for 
different bulbs. The two-liter bulb lost 35 grams in 32.5 minutes 
which is at the rate of 65 grams per hour. The evaporation from 
the one-liter bulb was much less, being almost exactly 11 grams 
per hour for the period of four hours during which it was observed. 

To determine the rate of evaporation from the stream of liquid 
air, we used a double-walled tin vessel with a tap at the bottom con- 
necting with the inner part. This was filled with a known weight of 
air, and the outer part of the vessel was also filled with the liquid 
so as to reduce the evaporation from the inner to a negligibly small 
quantity. The liquid was then allowed to run out of the tap at 


1 Linde’s Process for Producing Liquid Air, Engineering, vol. 65, 1898, p. 310. 
Also: Hardin, Liquefaction of Gases, p. 192. 

2A. H. Neureuther, Liquid Air and the Power Required to Produce it; Street Ry, 
Review, May 15, 1899. 


= 
ve 


| 
| 
| 
| 
| 
| 
| 


186 F. ALLEN AND W. AMBLER. [Vor. XV. 


about the same rate as it comes from the liquefier into the one-liter 
bulb mentioned which had just been emptied of air, and was, there- 
fore, at a low temperature. Making allowance for the evaporation 
from this, the loss by evaporation from the stream was found to be 
seven percent. The gross output of the plant can therefore be 
determined by adding to the quantity collected the amount lost by 
evaporation. 

The results obtained after making allowance for this loss are as 


follows: 


Test I. 
Net rate of production, 2,919 grams per hr. 
Gross 3,209 “ 
Available energy, 312,877 calories. 
966,790 ft. Ibs. 
Gross efficiency of compressor and liquefier, 2.2 per cent. 


Performance is therefore 127 grams per h. p. hr. 


Test II. 
Net rate of production, 2,431 grams per hr. 
Available energy, 261,495 calories. 
808,020 ft. Ibs. 
Gross efficiency of compressor and liquetier, 1.9 per cent. 


A run was also made with the valves of the compressor opened 
as far as possible to determine the power consumed by friction. 
This was found to amount to 11.5 horse power, or about one 
half of the total power required at full load. It was necessary to 
take into account the lower efficiency of the motor at this load, and 
it was also found impossible to open the valves completely, the 
gauge on the low pressure cylinder showing 15 pounds and the one 
on the second cylinder 12 pounds pressure per square inch. The 
normal speed of the compressor was 180 revolutions per minute. 

Since the foregoing tests were concluded, a second liquefier of 
the same type has been added to the plant, and used simultaneously 
with the other. The output is thus about doubled, probably with 
the expenditure of more energy. 


No. 3.] TEST OF LIQUID AIR PLANT. 187 


The plant has been in very frequent use, occasionally for three 
or four hours continuously, during the year, and the above results 
probably quite fairly represent the performance under practical con- 
ditions. 

We desire to express our thanks to Professor E. L. Nichols for 
suggestions, and for kindly giving us the use of the plant for these 
tests. 


PHYSICAL LABORATORY OF CORNELL UNIVERSITY. 
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THE HEAT OF VAPORIZATION OF AIR. 
By J. S. SHEARER. 


HREE observers have thus far placed on record values for the 

heat of vaporization of air. The first determination was 

made by Dewar' who found that it required about the same num- 

ber of calories to vaporize a gram of liquid air as to melt a gram of 

ice. Quite a different value was found by Behn,’ who gives 40 

calories per gram, and later by D’Arsonval* who states that it 
requires 65 calories. 

The relatively large variation in these results suggested the ad- 
visability of another determination. The writer was unable to find 
a statement of the method used by D’Arsonval but those of Dewar 
and Behn depend on the specific heat of mercury in the former case 
and of aluminium in the latter. This method hardly allows of a 
continuous and fairly uniform vaporization which could be readily 
controlled and be entirely independent of the thermal properties of 
any substance. It was suggested that the energy required could be 
easily supplied by an electric current and measured with consider- 
able accuracy. For this purpose a small spiral of german-silver wire 
(C), Fig. 1, was wound and soldered to copper-lead wires. A pair 
of copper wires were also attached to the ends of the heating coil and 
connected to a large Weston voltmeter (V’). The heating current 
also passed through a standard 10 ohm coil (R) made by Hartman 
and Braun from the terminals of which wires were led to the volt- 
meter.’ A double throw-switch (X,) enabled alternate readings of 
the drop in potential in the heating coil and standard resistance to be 
taken. The two sets of lead wires were passed through a glass tube 
which was inserted in a rubber cork fitting closely in the neck of a 


'Proc. Roy. Inst., 14, p- 393; Chem. News, 71, p. 192. 
2 Ann. der Phys., I-1900, p. 270. 
3 Comptes Rendus, Ig9o1. 
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Dewar bulb. The upper end of the glass tube was closed with 
rubber cement, and in order to be certain that it was air-tight a 
piece of soft-rubber tubing was wired to the glass and also to the 
wires and again sealed with hot cement. The air from the bulb 
passed through a second glass tube to a heavy piece of pressure 
tubing and was measured by an Elster gas meter (J/7). On the 
way to the meter it passed the bulb of a thermometer (7) which 
was sealed into a glass tube and a small tube was inserted so that 
samples of the gas could be taken for analysis. 


When no current was passing in the heating coil the rate of 
evaporization was observed, and this enables one to eliminate the 
heat supplied by conduction, etc., from that due to the current. 

In order to get the density of the mixture given off samples were 
analyzed at frequent intervals by Mr. J. G. O’Neil to whom the 
thanks of the writer are due for much assistance in making the es 


readings. 
The first observations were made with air fresh from the liquefier Ee } 
and contained in a large Dewar bulb. 
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HEAT OF VAPORIZATION OF AIR. 


Voltmeter No. 131, large Weston standard. 
Voltmeter resistance 549 + 2196, 7. ¢., five times normal, 3-volt 


scale, 150 div., changed to 15-volt scale. 
Current by drop around 10 ohm. 
standard resistance. 
Gas measured by Elster meter. 
Temperature, Baudin thermometer. 
Analysis, pyrogallol absorption. Mr. 


Hartmann and Braun 


O'Neil.] 


RUN No. 1. APRIL 7, 1902. 


Barometer 742. 


Analysis 21.8 per cent. oO. 


Hr. Min. Sec. Meter. Current Volts. t 
3 15 52 160 0 0 18° 
3 20 16 70 
3 43 2 135 112.8 76.4 7° 
3 44 1 138 
3 46 ll 144 112.5 76.2 
3 47 20 147 
3 48 30 150 
3 49 40 153 
3 50 50 156 
3 51 25 159 112.2 76.1 
4 6 2 15 112.1 76.0 Si 
4 9 8 90 00 00 
a 13 52 150 %O 21.8 


Meter [1 revolution= 3 liters, 180 div. on scale}. 
Small pointer registers liters. 
Small pointer read while current was passing. 
Total volume of gas while heating, 
Time of run, 
Mean rate no current, 
Total loss due to conductivity, etc., 
Vapor due to current, 
Mean current, 
Mean voltage, 


Log. .762, 
Log. 11.24, 
Log. 13 80, 
Log. .24, 


Log. 53, 


60 liters. 
1380 sec. 
.0051 liter per sec. 
71. 
53 |. 
.762 amp. 
11.24 volts. 
1.881955 
1.050766 
3.139879 
1.380211 
3.452811 
1.724276 
1.728535 
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Calories per liter (742 mm. 17° C. 21.8 per cent. O) 53.52. 
One liter at 742 mm., 17° = .g19 1. At 760, 0°, .gIg 1. at 0°, 760, 
21.8 per cent. O= 1.188 grams. 

Heat of vaporization per gram = 44.02. 

Other results: 22.5 per cent. O, 45.4; 56 per cent. O, 50.57; 
72 per cent O, 51.7. 

When the greater part of the liquid had been evaporated the re- 
mainder was transferred to a cylindrical bulb and runs for higher 
percentages of oxygen were obtained. The readings when the 
liquid became very rich in oxygen were not entirely satisfactory, 
owing to the small amount of liquid remaining which perhaps did 
not completely cover the coil. There seemed however to be a dis- 
tinct increase in the heat of vaporization as the liquid boiled away. 
The writer hopes to make a determination for pure liquid oxygen in 
the near future. 

It will be seen from the data shown below that the results agree 
fairly well with those of Behn, and would seem to indicate that the 
heat of vaporization is not far from 50 calories per gram. 

It may be of interest to compare the experimental results with 
those indicated by the well-known formula in thermodynamics, viz., 
L=(V,—V,)dp/dT T. The curves of vapor tension for oxygen 
have been given by Olzewski, Estreicher and Baly. The rate of 
change of vapor pressure with temperature in the neighborhood 
of go° A. from the results of Olzewski and Baly agree quite 
well, while a higher value is indicated by Baly. Assuming that 
Boyle’s law holds with fair accuracy for this range of temperature, 
V,— V, may be computed. Using dp/d7 from Olzewski’s work, Z 
is approximately 45, while Estreicher’s observations give Z as 
about 53.6. - From Olzewski’s results for nitrogen we find its heat 
of vaporization approximately 110, The careful determination of 
this constant for liquid nitrogen would be of considerable interest. 


CORNELL UNIVERSITY, June, 1902. 
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NEW BOOKS. 


Two New Editions (De Morgan, on the Study and Difficulties of 
Mathematics, second reprint edition). Pp. vii + 288. Chicago, the 
Open Court Publishing Co., 1902. Mach, The Science of Mechanics. 
Translated from the German by THomas J. McCormack. Second 
revised and enlarged edition. Pp. xx + 605. Chicago, the Open 
Court Publishing Co., 1902. 

It is gratifying to note that there is a sufficient demand for works of 
the character of De Morgan’s little treatise on mathematics ‘and Mach’s 
mechanics to warrant the issuing of new editions. All teachers of ele- 
mentary mathematics should be encouraged to supplement their routine 
work by the careful perusal of certain books, such as Clifford’s Seeing and 
Thinking, Pearson’s Grammar of Science and this little essay of De 
Morgan’s on the Study of Mathematics. Mach’s well-known treatise on 
mechanics should, and for a similar reason, be in the hands of every 
teacher of physics. It contains, in addition to the usual subject matter 
of our best text-books on this subject, a wealth of historical and illustra- 
tive material commonly omitted for lack of space; and it presents in a 
form accessible even to readers of limited mathematical training many 
principles of mechanics such as D’ Alembert’s principle, Taylor’s theorem, 
Gauss’s principle of least constraint, and Maupertuis’ principle of least 
action, with which too many of our teachers of elementary mechanics 
never really become acquainted. E. L. N. 


Harpers’ Scientific Memoirs. Edited by J. S. Ames, Ph.D. 15 
volumes. New York, Harper & Bros., 1898-99 ; The American Book 
Co., 1900-1901. 

This valuable series of reprints and translations has been brought to a 
close at the end of the 15th volume, the last of the set consisting of a 
translation of the well-known papers of Prevost, Kirchhoff and Bunsen 
and a revised reprint of two of the memoirs of Balford Stewart, at the 
hands of D. B. Brace, Ph.D. The literature of physics is so rich that 
it would have been possible to have extended this series of reprints and 
translations almost indefinitely and it is not without regret that one reads 
the announcement that the eminently useful task of placing such material 
in convenient form before the American scientific public has been brought 
toaclose. The fifteen volumes issued form a collection which every 
physicist will be glad to have upon his book shelves ; and men of science 
in general will be grateful to the editor and his co-workers and to the 
publishers, for their labors. E. L. N. 
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ELECTRICALLY-DRIVEN TUNING FORK 


The tuning fork is ten inches long and very heavy. The vibrating device is so ar- 
ranged that there is practically no buzzing and the note from the fork is full and clear, 
Weights to be attached to the prongs of the fork are provided so that any desired pitch 
can be obtained up to middle C. 

We can also furnish a mounted fork without the vibrator which can be used in series 
with the above. 

These are very useful pieces of apparatus for experimenting with Sound Waves 


The price is very low. Correspondence solicited. 


ZIEGLER ELECTRIC CO., 141 Franklin St., BOSTON, MASS. 
Send for a copy of Physical Catalogue No. 10. 


THE CROMPTON POTENTIOMETER 


The Potentiometer, with its accessories, deals with all direct current 
measurements, and is recognised to be the normal system for accurate 
work in electrical laboratories and power stations. All quantities are 
referred directly to the standard cell and the standard resistance. A des- 
criptive pamphlet will be sent on application to 


CROMPTON & CO., LIMITED, 
CHELMSFORD, ENGLAND. 
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Announcements of Scientific Books 


Recently Issued or in Press. 


JONES.—The Elements of Physical Chemistry. By Harry C. Jones, As- 
sociate Professor of Physical Chemistry in the Johns Hopkins University. Author 
of ** Electrolytic Dissociation.’’ Cloth, 8vo, $4.00 met ; postage, 23c. 


HIORNS.—Metallography. An lutroductiun to the Study of the Structure of Metals, 
Chiefly by the Aid of the Microscope. By ARTHUR II. Hiorns, Author of 
‘* Elementary Metallurgy,’’ ‘‘ Mixed Metals or Metallic Alloys,’’ ‘‘ Metal Col- 
ouring and Bronzing,”’ etc. c. 158 p. il. 8vo, net $1.40. Postage, 8c. 


TRAVERS.—An Experimental Study of Gases. An Account of the Experi- 
mental Methods involved in the Determination of the Properties of Gases, and of 
the more important Researches connected with the subject. By Morris W. 
TRAVERS, of University College, London. With a Preface by Professor WIL- 
LIAM RAMSAY, F.R.S., etc. Cloth, 8vo, $3.25 met; postage, 18c. 


RIDER.—Electric Traction. By J. H. Riper, A.M.I.C.E, Cloth, 12mo. 
The volume deals with the following subjects; Permanent Way. Overhead System. 
Conduit Systems. Surface Contact Systems. Accumulators. Motors. Controllers. 
Truck and Cars. Generating Plants. Switchboards. Combined Lighting and 
Traction Stations. Electric Railways, Electric Haulage, etc. 


BJORLING.— Pipes and Tubes. Their Construction and Jointing, together with 
all necessary Rules, Formule and Tables. By PHILIP BJORLING, Hydraulic 


Consulting Engineer, Author of ‘‘ Mechanical Engineer’s Pocket Book.’’ 
With 191 Illustrations. 244 p. I2mo, cl., $1.00. 


BODMER.— The Inspection of Railway Materials. By G.R. Bopmer, A.M., 
Inst. C.E., Author of ‘* Hydraulic Motors,’’ etc. 
With 3 Plates and 19 Diagrams. 9 + 154 p. I2mo, cl., $1.50. 


COOKE.—Some Recent Developments in Locomotive Practice. ByC. J. 
BowEN Cooke, Assistant Running Superintendent, Locomotive Department, 
L. & N. W. Rly., Author of ‘* British Locomotives.”’ 


8 + 75 p. il. 8vo, cl., $1.00. 
SENNETT.—Horseless Road Locomotion: Its History and Modern De- | 
velopment. By A. R. SENNETT. 2 vols. Illustrated. Cloth, 8vo. 


BOTTONE.—Galvanic Batteries: Their Theory, Construction and Use. 
By S. R. Borrong, Author of The Dynamo,’’ A Guide to Electric Lighting,” 
etc. Illustrated. This latest volume by Mr. Bottone comprises Single Fluid, 
Double Fluid, Gas Batteries, Primary and Secondary Cells. Cloth, 12mo. 


THOMSON.—The Electrical Properties of Gases. By J. J. TuomsoN, M.A., 
F.R.S., Professor of Experimental Physics in the University of Cambridge. 


Books published at NET prices are sold by booksellers everywhere at the advertised NET prices. 
When delivered from the publishers, carriage, either postage or expressage, is an extra charge. 


THE MACMILLAN COMPANY, New York: 66 Fifth Avenue 
BOSTON CHICAGO SAN FRANCISCO 


Publications on Astronomy, etc. 
By THE MACMILLAN COMPANY, N. Y. 


By Sir ROBERT BALL, LL.D. 


The Elements of Astronomy 

By the author of * Star- 

land,’ ‘* Atlas of Astron- 

omy,’ ‘* Th’ Story of the 

Sun,” ‘* The Theory of 
Screws,”’ etc., etc. 


By Sir ROBERT BALL, LL.D., Lowndean Professor 
of Astronomy and Geometry in the University of 
Cambridge, formerly Royal Astronomer of Ireland. 

Cloth, illustrated, 80 cents we/ ; postage 9 cts. 


By JOHN COUCH ADAMS 


Lectures on the Lunar Theory 
The Lectures of Prof. By JOHN COUCH ADAMS, M.A., F.R.S., late Lown- 


Ball's predecessor, edited by dean Professor of Astronomy and Geometry in the 
R. A. SAMPSON, Uni- University of Cambridge. Cloth, 8vo, $1.25 mez. 
versity of Durham. Postage 7 cts. 


By W. HASTIE, D.D. 


Kant’s Cosmogony 
Kant’s Essay on the Re- Edited and Translated by W. HASTIE, D.D., Professor 


tardation of the Rotation of of Divinity, University of Glasgow. With an In- 
the Earth and his Natural troduction and Appendices by and a portrait of 
History and Theory of the THOMAS WRIGHT, University of Durham. 


Heavens. Cloth, cr. 8vo, $1.90 et ; postage 16 cts. 


By A. W. BICKERTON 


The Romance of the Heavens 


By A. W. BICKERTON, Professor of Chemistry, Canterbury College, Christchurch, 
New Zealand University, Author of ‘* The Romance of the Earth.’’ 
Cloth, r2mo, $1.25}; postage 11 cts. 


By Sir NORMAN LOCKYER, K.C.B. 


Recent and Coming Eclipses 
Accounts of Observations By Sir NORMAN LOCKYER, K.C.B., F.R.S., author 


in India, 1898, with Condi- of ‘*The Sun’s Place in Nature,’”’ etc. Second 
tions of Eclipses of 1900, Edition. Illustrated. Cloth, 8vo, $2.00 net. 
1901 and 1905. Postage 15 cts. 


Send for our Monthly bulletin on new publications. Address, 


THE MACMILLAN COMPANY, 66 Fifth Ave., New York 
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Standard Text-Books on General Physics 


SLATE.—Physics: A Text-book for Secondary Schools. By FRepexick 
SLATE, University of California. Cloth, 12mo., $1.10 met; postage, I2c. 


CAJORI.—A History of Physics. In its Elementary Branches, including the Evo- 
lution of Physical Laboratories. By FLORIAN Cajori, Ph.D., Professor in Phys- 
ics in Colorado College, Author of ‘* A History of Mathematics,’’ ‘* A History of 
Elementary Mathematics,” etc. Cloth, Cr., 8vo, $1.60, met; postage 15 cts. 


CREW.—The Elements of Physics for Use in High Schools. By Henry 
Crew, Ph.D., Northwestern University. 
Second Edition, Revised. Cloth, $1.10, n-¢; postage 12 cts. 


CHRISTIANSEN.— Elements of Theoretical Physics. By Proressor C. 
CHRISTIANSEN, University of Copenhagen. Translated by W. F. Macir, Ph.D., 
Professor of Physics, Princeton University. Cloth, 8vo, $3.25, et, postage 17 cts. 


MATTHEWS and SHEARER.—Problems and Questions on Physics. By 
CHARLES P. MATTHEWS, M.E., Purdue University, and JOHN SHEARER, B.S., 
Cornell University. 8vo, cloth, pp. 247 + 4, price, $1.60, wef; postage 13 cts. 


STEWART.—Lessons on Elementary Practical Physics. By Batrour 
STEWART, A.M., LL.D., F.R.S., and W. W, HALDANE GEE. 
Vol. I. General Physical Processes. 12mo, $1.50, ze/,; postage 9 etc. 
Vol. Il. Electricity and Magnetism. $2.25, ne/; postage 12 cts. 
Vol. III. Part I. Practical Acoustics. $1.10, postage 9 cts. 
Part Il. Heat and Light. Prep ration. 


NICHOLS.—Laboratory Manual of Physics and Applied Electricity. Ar- 
ranged and Edited by Epwarp L. NICHOLS, Professor of Physics in Cornell Uni- 
versity. In two volumes. 


Vol. I. Junior Course in General Physics. By Ernest Merritt and 
FREDERICK J. ROGERs. Cloth, price, $3.00, me; postage 15 cts. 


Vol. Il. Senior Courses and Outlines of Advanced Work. By Grorce 
S. MoLer, FREDERICK BEDELL, HOMER S. HloTCHKISs, CHAS P. Mat- 
THEWwS, and THE Evitor Cloth, price, $3.25, ze¢,; postage 1§ cts. 


NICHOLS and FRANKLIN. The Elements of Physics. By Epwarp L. 
NICHOLS and W. S. FRANKLIN. 
In three volumes. ach, cloth, 8vo, $1.50 met; postage 15 cts. 


A large proportion of the students for whom primarily this Manual is intended are preparing to 
become engineers, and special attention has been devoted to the needs of that class of readers. 


Books published at NET prices are sold by booksellers everywhere at the advertised NET prices. 
When delivered from the publishers, carriage, either postage or expressage, is an extra charge. 


THE MACMILLAN COMPANY, New York: 66 Fifth Avenue 
BOSTON CHICAGO SAN FRANCISCO 
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Mathematical and Physical Publications 


Geometric Exercises in Paper-Folding 


By T. SuNDARA Row. Edited and revised by W. W. BEMAN and D. E. SMITH. 
With many half-tone engravings from photographs of actual exercises, and a pack- 
age of papers for folding. Pages x, 148. Price, cloth, $1.00 met (4s. 6d. nef). 
‘*I have sought not only to aid the teaching of geometry in schools and colleges, 

but also to afford mathematical recreation to young and old, in an attractive and cheap 

form. ‘ Old boys’ like myself may find the book useful to revive their old lessons, and 
to have a peep into modern developments which, although very interesting and instruc- 
tive, have been ignored by university teachers.’’—/rom the Author's Preface, 


Essays on the Theory of Numbers 


(1) Continuity and Irrational Numbers; (2) The Nature and Meaning of Numbers. 
By RicHAkD DEDEKIND. From the German by W. W. BEMAN. Pp. 115. 
Cloth, 75 cents met (3s. net). 

These essays mark one of the distinct stages in the development of the theory of 
numbers. ‘They give the foundation upon which the whole science of numbers may be 
established. The first can be read without any technical, philosophic or mathematical 
knowledge ; the second requires more power of abstraction for its perusal, but power of 
a logical nature only. 


Elementary Illustrations of the Differential and 
Integral Calculus 


By AuGcustus DE MorGANn. Newreprint edition. With sub-heads and bibliography of 
English and foreign works on the Calculus. Price, cloth, $1.00 we/ (4s. 6d mer). 
‘* It aims not at helping students to cram for examinations, but to give a scientific 
explanation of the rationale of these branches of mathematics. Like all that De Morgan 
wrote, it is accurate, clear and philosophic.’’ —Ziterary World, London. 


The Science of Mechanics 


A Critical and Historical Account of Its Development.~ By Dr. Ernst Macu, Pro- 
fessor of the History and Theory of Inductive Science in the University of Vienna. 
Translated from the German by THOMAS J. MCCORMACK. Second enlarged edition 
250 cuts. 575 pages. Cloth, gilt top, marginal analyses. Exhaustive index. 
Price $2.00 net. 

This book is as much a work on philosophy as science. It takes up the subject of the 
development of mechanics as a specimen of scientific development in general and shows 
both the psychology and the logic of the onward movement of human thought. The 
mechanism of the growth of our ideas, the nature of the structure of science and of 
truth in general are here exhibited in the plainest light. 


Popular Scientific Lectures 


A Portrayal of the Methods and Spirit of Science. By ERNst Macn, Professor in the 
University of Vienna. ‘Translated from the German by T. J. McCorMAcK. Third 
Edition. Pages, 415. In cloth, gilt top, $1.50 met (7s. 6d). 

‘* A most fascinating volume, . . . has scarcely a rival in the whole realm_of popu- 
lar scientific writing.’’—Boston Traveller. 
*« Truly remarkable. . . . May be fairly called rare.’’ 
—Proressor HENRY CREw,.N. W. University, 
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The Astrophysical Journal 


AN INTERNATIONAL REVIEW OF SPECTROSCOPY AND 
ASTRONOMICAL PHYSICS 
EDITED BY 


GEORGE E. HALE 
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